On the arithmetic properties of complex 
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Abstract. Here we characterise in a complete and explicit way the relations of algebraic 
dependence over Q of complex values of Hecke-Mahler series taken at algebraic points of 
the multiplicative group G^(C). Our result contains previous theorems by Loxton and 
van der Poorten, Mahler, and Masser. 
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1 Introduction, results. 



Let w be a real positive irrational number. The Hecke-Mahler series associ- 
ated to w is the power series: 

oo [liv] 
1=1 h=l 

where the square brackets denote the greatest integer part. This series, which 
is transcendental, converges for all u,v complex numbers such that \u\ < 1 
and lullfp < 1. 

On p. 208 of |Mas2j . Masser asked several questions which may all be 
included in the following 

Problem. Given an m-tuple M. = ((u\,Vi), . . . , (u m ,v m )) = (tt 1; . . . ,u m ) of 
non-zero complex numbers, compute the transcendence degree over the field of 
rational numbers Q, of the following subfield of the field of complex numbers: 

Q(Ml, • • • , Mm, Aoi(Ml), • • • , fw m \U. m )), 

for positive irrationals Wi (when all the complex numbers above make sense). 

The aim of this text is to completely solve the particular aspect of the 
problem above, which consists of choosing Wi — ■ ■ ■ — w m = w a quadratic 
irrational, and the couples of complex numbers (uj,i>j) algebraic over Q. 

More precisely, we introduce a certain explicit condition of geometric 
nature, on an m-tuple of couples of non-zero algebraic numbers 

M = ((u^vt), . . . , (u m ,v m )), (1) 

that we call "semi-freeness" : this condition depends on w and will be made 
explicit in special cases only, to simplify our exposition. 

In theorem 2 we prove, under some technical hypotheses on w, that 
an m-tuple M. as above is semi-free if and only if the complex numbers 
f w (u\, v%), . . . , f w {u m , v m ) are algebraically independent over Q. 

These technical hypotheses on w are harmless: in theorem 3 of the ap- 
pendix, we completely characterise all the m-tuples ((u\, Vx), . . . , (u m , v m )) 
as above, such that the complex numbers f w (ui,v\), . . . , f w {u m ,v m ) are al- 
gebraically independent over Q for a general quadratic irrational w > 0. 

Our results improve a theorem of Masser in jMas2 : 
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Theorem 1 (Masser). Let U\, . . . ,u m be algebraic numbers such that < 
\ui\ < 1 for all i = 1, . . . , m. Then f w (ui, 1), . . . , f w (u m , 1) are algebraically 
independent if and only if iii, . . . , u m are distinct. 

In |Mas2j , Masser predicted the relations between complex numbers such 
as f w (u,v) to be "quite complicated": here are some examples of relations. 

If we take m = 5 and (u, v) a couple of complex numbers such that \u\ < 1 
and < \u\\v \ w < 1, then the following homogeneous linear relation can be 
easily checked: 

4f w (u 2 , v 2 ) - f w (u, v) - f w (-u, v) - f w (u, -v) - f w (-u, -v) = 0, (2) 

This relation is in some sense as simple as possible, because it holds for any 
choice of it, v, w. 

For certain quadratic irrationals w only, there also exists "shorter" rela- 
tions. Indeed, there sometimes also exist positive rational integers a, b, c, d, 

with det ( = 1, and a rational function R(u,v) G Q(u,v), such that: 

f w (u, v) - f w {u a v\ u c v d ) = R(u, v). (3) 

For this special choice of w, this is a functional equation of f w : thus, if u, v 
are algebraic, then we get non-homogeneous linear relations, this time with 
m = 2. 

In sect ion of the appendix, other "special" and "generic" relations will 
be explicitely described, and we can make right now a commentary about 
them. 

We will find that all algebraic relations are generated by linear relations, 
moreover, these linear relations are always connected with homogeneous lin- 
ear forms of rational functions. The so-called Heche's geometric series (as 
defined in |Hej ) are also helpful to encode the relations (see section |2~B~|) . 

But the easiest way to describe the relations is to employ formal series of 
a certain type, with rational coefficients, that will be introduced later; this 
suggests our definition of semi-freeness f definition II. 2|) . 

If we compare the relations that we find with, for example, the relations 
that conjecturally connect the complex values of the logarithm (Shanuel's 
conjecture), generated by: 

log(w) — log(w) — log(f ) = 0, u, v E C x 
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then definitely, the relations connecting the special complex values of Hecke- 
Mahler series are quite complicated. By the way, there is some analogy 
between some of these relations and the relations connecting special values 
of Fredholm series, as in |Lo-Po4j . 



Here are a few words about the methods employed in this article. The 
main difficulty we have to overcome is the fact that we must work with 
analytic functions of two complex variables (theorem 1 essentially deals with 
functions of one complex variable). 

Mahler's method, when it applies, is an eccellent technique to investigate 
arithmetic properties of functions of several variables: that is the way we 
attack our problem. Thus, the functional equation J3J) will have a priviledged 
meaning, and this explains why we need w to be quadratic, satisfying certain 
hypotheses. 

In our proof of theorem 2, we use a classical criterion of algebraic in- 
dependence of Loxton and van der Poorten; this criterion is used in many 
articles about the arithmetic properties of values of locally analytic functions 
( x ) satisfying certain functional equations. For example, the same criterion is 
used in |Mas21 . We also use the powerful vanishing theorem of Masser as in 
[MaslJ to check a technical condition, called "property A" , playing the role 
of a zero estimate. The vanishing theorem is also used in |Mas2j . We do not 
need to generalise these tools in order to obtain our results; in particular we 
do not need to perform any particular construction of transcendence here; 
arithmetically, the classical tools of Mahler's theory are enough to prove our 
results. 

The new point in our approach is to use certain structures of real multi- 
plications on tori. In particular we interpret the functional equation (jSJ) by 
using an algebraic action of a unit of K on a product of multiplicative groups. 
All the relations between complex values of f w will be nicely described by 
using algebraic actions of orders of K on tori. 

The introduction in the theory of these new tools leads to new problems. 
Analytically and algebraically, these actions deserve quite a few surprises, 
as the reader will see. We hope that ours will be a good viewpoint also for 
similar or more general problems. 

We now introduce the condition of semi-freeness; the main theorem will 
be stated in section [T"2l 



1 The notion of locally analytic function will be given in section [21 
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1.1 The condition of "semi-freeness" . 

Let Q denote the algebraic closure of Q, let us fix an embedding of Q in the 
field of complex numbers C. Let K C Q be a real quadratic number field. 
The chosen embedding <Q> — > C induces an embedding a : K — > R: in all the 
following we will consider as a subfield of R; for example, the expressions 
v > and 1/ > mean, for v <E K, a(u) > and cr{y r ) > respectively. 

If v is an element of K we denote i/ its non-trivial Galois conjugate. 
From now on, the field K is fixed. It should be said right now, that one of 
the most important elementary facts used in this article is that if rj > 1 is a 
unit of K, then: 

lim 7]' k = 0. 

We denote by G m (C) = C x the complex multiplicative group. In this 
article, we will work in the group: 

T := <(C), 

with identity element 1 = (1,1), and in its powers T n = T © • • ■ © T, for some 
ilGN. 

All throughout this text the elements of C™, R n , . . . are considered as row 
matrices, unless otherwise specified. If Ai, . . . ,A n are square matrices we 
denote Ai © • • • © A n the square matrix having diagonal blocks equal to the 
Ai's, and zero elsewhere. 

1.1.1 Exponential functions. 

Let M be a complete Z-module of K, that is, a free Z-module of rank 2 
contained in K, let us fix a Z-basis (B ,Bi) of M. We note M* the dual 
of M for the trace t : K — > Q that is, the complete Z-module of K whose 
elements v satisfy t(fj,u) € Z for all /x G M; if M C iV are complete Z-modules, 
then N* C M*. 

We will sometimes extend the map t : K — > Q C C, as follows. If we have 
a couple of complex numbers z = (z, z'), we will often write: 

t(z) = z + z'. 

The underlined expression z will be often simplified, and we will most of 
the time write z instead of z. This, of course, makes no sense, but nicely 
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simplifies plenty of expressions. If v G K, for example, the expression t(vz) 
will mean vz + v'z' . 

We note (Bq, Bl) the dual basis of (B , B\) for the trace and we note: 



~ = B o B o\ = (BqBA 

D* D*/ I \ TDI TDI I ' V / 



Let E : if -> M 2 be the embedding E(i/) = (cr(i/), a(v')) GI 2 C C 2 . We have 
the exponential function with periods in E(M) 

$ : C 2 — > T, 

defined by : 

SOs^yB-W)), (5) 

where *• means "transpose", and e(r) = e(27rir) (with i := v^— T). In a more 
explicit way, if (u,v) = $(z,z'), then: 

u = e(B*z + B*' z'), v = e{B{z + B\z'). (6) 

This function <3> factors through C 2 /E(M) because for complex numbers 
z, z', C, C' we have «8 • z') - B • (') G Z 2 if and only if (z - (, z' - (') G 
E(M), and this happens if and only if $(z,z') = $(£,£'). Of course, if 
(z, z'), (z, z') G C 2 , then we have, in T: 

z')$(z, z') = $(z + z,z' + z). 

1.1.2 Actions of orders of K on T. 

Let 

B =(:!) e « 

be a regular matrix with rational integer entries a, b, c, d, let w = (u, v) be an 
element of T(C). We denote: 

B.u = (u a v b ,u c v d ). 

Let S = S(M) be the stabiliser of M, i. e. the order of K whose 
elements are the /3's such that f3M C M. Notice that if z/ G if \ {0}, then 
S{yM) = S{M). 
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The multiplicative group T is endowed with an action of S analytically 
defined as follows: let u = (u, v) be a point of T, let (z, z') G C 2 be such that 
$>(z, z') = (u, v) and let \i be an element of S. Then: 

v? := ®{nz,n'z'). (7) 

This action is well defined and depends on M as well as on the basis (Bq, B\); 
moreover, the action is algebraic. Indeed, let /1 be an element of S — {0}; let 
us denote: 

BW— (8) 

A simple computation shows that £>(/i) has determinant n(/i) (where n(/x) 
is the norm /ifi' of fi over Q) and has rational integer coefficients. Moreover, 
we have that 

v? = B(ji).u. 

With M fixed, we have several actions Q which might behave in very 
different ways (we will give some examples later in the section 15.21 of the 
appendix). Nevertheless, if \i G Z, then 

y?={u' l ,V tt ) (9) 

does not even depend on K, and equals the usual componentwise /i-power in 
T (the usual diagonal action of Z on T). 

Definition 1.1 We say that a point u G T is a torsion point if u = (d, £ 2 ) 
with £1, C2 roots of unit. A point which is not a torsion point is said to be a 
point of infinite order. 

It is easy to see that u is torsion if and only if: 

MG$(S(K)), (10) 

that is, there exists a G K such that u — $(a, a'). The subgroup of T whose 
elements are torsion points is denoted by T tors . 
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1.1.3 Formal series. 

Let U_ = (U, V) be a couple of indeterminates. Formal power series 

E c h,iu h v l 

h,i eZ 

(h,l) (0,0) 

with Chj G C live in a C-vector space in the usual way, regardless to their 
convergence. 

We must introduce a certain class of formal power series. We first observe 
that the power series: 

F(77) = £ U h V l 

h,i e Z 

# (0,0) 

only converges at [/ = V — 0; in the following we will consider this (and other 
similar series) as a formal power series in the space defined above. Notice 
that we do not identify it with a rational function. 

Let v be an element of M*. There exist h, I G Z (unique) such that 

v = hB* + IB{. 

Let us write M{U_) U = U h V l ; we then have 

HLQ = E M(uy. 

veM*\{o} 

We now consider, more generally, a complete Z-module N of K, containing 
M (so that iV* C M*) and we attach to it the formal power series: 

MH) = E M(u_y. 

u£N*\{0} 

As a special case, we obtain Fm = F. 

1.1.4 Definition of semi-freeness. 

We fix an exponential function $ as in and we remark that, if u, v G T 
have infinite order, then only two cases can occur. 

1. We have 

u 1 = $(a, oc')v^, (11) 
for some a G K and 7 G S \ {0}. 
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2. For all j3, 7 G S, not all zero, vrv 1 has infinite order. 

Let us consider an m-tuple Ai as in (|TJ; the relation pa determines a partition 
( Jk)k=i,...,s of the set {1, . . . , m}. 

There exists G T, such that w" 7 = u, with 7 as in (JTTJ). Thus, we can 
find 5 G K, p G 5 \ {0} such that & = 5')v ip and holds. 

We define an equivalence relation pa on the subset of elements of infinite 
order of T by declaring that u ~ v if we are in case 1. 

A little induction, and the argument above, show that for all k — 1, . . . , s, 
there exists v k G T of infinite order, such that for all j G Jk, there exists 
a,j G K and (3j E S \ {0} with the property that: 

% = ^ (12) 

We associate to Uj a formal power series (&,Uj '■ LL) depending on the 
choice of v k and If the relation ()12|) holds, then we set: 

Definition 1.2 Let 

■A"f = (wi,...,« m ) G T m 

be a m-tuple of elements of infinite order of T. We say that Ai is semi-free 
with respect to if for all k — 1, . . . , s, the series: 

are Q-linearly independent. 

If an m-tuple .M = (u 1} . . . , u m ) as above is semi- free with respect to 
$, we will sometimes say that the elements multiplicatively 
semi-independent with respect to 

Remark. The series F £ : U) depends on the choice of v k ; but the 

property of semi-freeness does not. This will be proved in lemma PT"2"1 of the 
appendix. 
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1.2 A special choice $o f° r $ and the main theorem. 



To state our theorem we have to associate to the quadratic irrational w a 
complete Z- module M and an exponential function <3>o with periods in it. 

We state our theorem for w's with particular properties. In section 15.11 
of the appendix, we will show that with these restrictive hypotheses, we can 
also deal the case of general quadratic irrationals w. 

Let us suppose that w = 9 is such that: 

< 9 < 1 and 9' < -1. (13) 

Let M = Z + 9~ lr L be the complete Z-module with the basis (Bq,Bi) = 
(9~ 1 , 1), let So be the matrix 58 as in (@J), for the basis above: 



B{ B*' J \-9'- l 9- 1 . 
where A is the discriminant of M, let us consider the exponential function: 

%(z,z')= t e^ - t (z,z')). (14) 



Theorem 2. Let M. = ((ui, Vi), . . . , (u m , v m )) be an m -tuple of algebraic 
elements of T such that \v,i\ < 1 and < Iwjllfjl 61 < 1 fori = 1, ...,m. 
Then M. is semi-free with respect to $o if and only if the complex numbers 
fe{ui, v i), . . . , fe(u m , v m ) are algebraically independent over Q. 

Moreover, if fe(ui, v i), . . . , f$(u m , v m ) are algebraically dependent over Q 
then there is a non trivial linear relation 

in 

Y^Cif e {ui,Vi) = A, (15) 
i=\ 

where A is an algebraic number and c\, . . . ,c m are rational numbers. 

In section we will describe in detail the relations (|15|): explicit ex- 
amples will be given in section 15.41 of the appendix. Some examples about 
the different behavior of two distinct exponential functions will be given in 
section I5~21 of the appendix. 

The condition of semi-freeness (definition [O]) is in general rather difficult 
to check, but this is quite natural because non-trivial linear relations with 
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many terms can occur between the numbers fg(ui,Vi); one example is pro- 
vided by (J2J). However, there are some natural additional conditions on M. 
which have the property that they discard all the non-trivial relations with 
strictly more than two terms fg(v,i, Vj). 

Corollary 1. Let H be a connected algebraic subgroup o/T of dimension 1. 
Let (u\, Vi), . . . , (u m , v m ) be algebraic elements of H such that \u%\ < 1 and 

< |uj|H 9 < 1 for i = l,...,m. Then f e (ui,vi), . . . , fe{u m ,v m ) are alge- 
braically independent over Q if and only if (ui, Vi), . . . , (u m , v m ) are distinct. 

The corollary 1 implies theorem 1 by considering H = G m (C) x {1}, and 
will be proved in section I5"3~l of the appendix. 

Corollary 2. Let (ui, Vi), . . . , (u m ,v m ) be algebraic elements of T such that 
\v,i\ < 1 and < |uj||fj| 6 ' < 1 for i = l,...,m. Let us suppose that, via 
the exponential function $ ; the elements (ui, v i), . . . , (u m , v m ) generate an 
S-submodule of T which is contained in an S-submodule of T isomorphic to 
a finite direct sum S © ■ • • © S . Then we have that (ttj, Vi)' n ^ (uj, Vj) for all 

1 < i < j < m and for all units r] of S, if and only if fg(ui, Vi), . . . , f$(u m , v m ) 
are algebraically independent over Q. 

The corollary 2 implies a result of Loxton and van der Poorten in [Lo-Po3 
(see theorem 3) and a proof will also be given in section I5~^l 

We fix right away a quadratic irrational 9 e K satisfying (|13p. the com- 
plete Z-module M = Z + 6~ 1 Z with the basis 



(B ,B 1 ) = (e- 1 ,r 



and the exponential function $ as i n (|14J) . Since 9 is fixed all along this text 
(except in section lo~Tl of the appendix), we denote 

f(u) := fe(u). 

We denote T> the domain of convergence of f{u); that is: 

V = {(u,v) G C 2 such that \u\ < 1 and \u\\v\ 6 < 1}. 

Together with /, we need to consider the twin series: 

oo [(2/t(e- 1 ))«] 

/ + (M) = E E u l v\ 
i=i h=\ei]+i 
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It is easy to check that the series / + converges in the domain: 

p+ = {(u,v) E C 2 such that \u\ < 1 and |w| t{e ~ 1} H 2 < 1}. 

2 Algebraic tools. 

The proof of theorem 2 remains on the algebraic study of quite a few func- 
tions; here are the associated symbols: 

In, /tV5 ®N, Ra,P,N, R a ,P,N- 

We are going to define them, and to study their rationality properties. 
Let 

F(Z,Z') = Cve(t{vZ)), (16) 

be a formal series, let U_ = (U, V) be a couple of variables in T formally 
connected to the couple of variables (Z,Z') by U_ = $> (Z,Z'). To F is 
associated a formal power series G un the variables U, V, defined by: 

G(U) = F{Z, Z'). 

The formal series G is clearly well defined, because the periods of $o he in 
S(M), and if (z, z'), (C, CO differ by an element of S(M), then for all v G M*, 
e(tN)=e(tK)). 

Definition 2.1 Let F as in The K -support S^-(F) is the subset of 

S(M*) C M 2 whose elements are the S(z/)'s such that c v ^ 0. Let G be 
associated to F as above. The ^-support T,k(G) of G is equal, by definition, 
to the if-support of F. 

Here are more notations. 

K + = {p G K such that v > and v' > 0}, 
K± = {v E K such that v > and v' < 0}, 
1 = {v e K such that v > -v > or v > v' > 0}. 

If E is any subset of K, we denote: 

E + = EnK + , 
E ± = EnK±. 
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Thus, X = 2± U 2+, with J ± = {z/ G K such that z/ > — 1/ > 0} and 
Z+ = {v e K such that v > 1/ > 0}. 

We now introduce new series which somewhat generalise the series /. Let 
TV be a complete Z- module of K containing M, let w = $o(z, z'), ^ us define 
the series: 

f N {u) = £ e(tM), (17) 

tite = E e(t(^)), (18) 
veX+nN* 

e N (u) = £ e(t(vz))=f N (u) + f+(u). (19) 

These series are clearly well defined, thanks to the discussion above; they are 
uniquely determined by their ^-supports. In figure 1, these i^-supports are 
represented together and compared. 

Let Ti be the complex upper half plane 

H = {z G C such that 3f(z) > 0}, 

let us introduce two subsets of C 2 : 

W = {(z, z')eHxC with S(z') < $f(z)}, 
>V+ = {( z ,z') G H x C with -$f(z) < S(z') < $f(z)}, 

where denotes the imaginary part of a complex number; clearly, 

W + C W. 

It is easy to check that, for all N, the series /at converges for u G T such 
that u = $q(z,z'), with (z,z') G W, and the series f^,®N both converges 
for u such that (z, z') G W + . 

So far, we have introduced three types of series /jy, f£ and 6a?; we need 
two more types. 

Let a G K, j3 G S — {0} such that (3 > 0, let iV be a complete Z-module 
containing M, such that S'(iV) = 5, and let us denote: 

( = %(a,a'), (t = %(a/(3,a'/[3'). 
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If (3 G S + we set: 

rUnN = /;-^(c b m) - fuc^y 

Otherwise (3 G S±, and we set: 

To simplify our notations, we will write R a; g, R^g instead of R a ,B,M, R-aB m- 
Moreover, if a = 0, we will drop the corresponding subscript so that we 
will more simply write Rp instead of i?o,/3 and Rp~ instead of Rg p] similarly, 
Rb,n = Ro,b,n and R^ N = Ro^ iN - 

The main series of this article having been defined, we may now study 
their basic property in the next section. 

2.1 Rational locally analytic functions. 

Definition 2.2 A locally analytic function on C n is a function defined over 
a subset of C n which is analytic on a non-empty open neighbourhood of the 
origin = (0, . . . , 0) G C n . 

We start with an elementary lemma. 

Lemma 2.1 Let p\ G K and p 2 G M>o U {oo} be such that 

- p 2 < pi < p2, (20) 

let Z C 1? be a subgroup of finite index. Then, the series 

R(u,v)= £ u l v\ (21) 

(i,h) 

where the sum runs over the set 

{(/, h) G Z such that I > and p\l < h < p 2 l} 
is locally analytic. 

If Pi,P2 G Pi(Q) (that is, if p t G Q and p 2 G Q> U {oo}), then R(u,v) G 
Q(u,v). 
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Proof. The convergence of the series R is easily checked: its domain of 
convergence is the set 

{(u,v) G C 2 such that |w| |t>| min{0 ' Pl} < 1 and \u\\v\ p2 < 1}. 

This is clearly a non-empty open neighbourhood of G C 2 because of condi- 
tion (|2"Uj) on pi, p 2 . We continue with the rationality property. 

Let us first suppose that Z = Z 2 . If (a, b), (c,d) are couples of coprime 
rational integers such that p\ = a/b, p 2 = c/d and a, c > 0, then: 

OO [P2l] 

(i -uV)(i J2 ulvh 

1=1 h=[pil]+l 

is a finite sum 2j jWV, where G Z 2 , which proves that R is rational. 

In the case where Z has finite index in Z 2 , we observe that there exists 
a matrix A G GL 2 (Q) with rational integer coefficients such that R(u,v) = 
R'(A.(u,v)) where R' is a sum like (|21j) . with Z = Z 2 , thus lying in Q(u,v), 
which proves that R is a rational function in this case too. 

Proposition 1 Let N be a complete Z-module containing M , and satisfying 
S(N) = S ; we have the following properties. 

1. The series fjy, f^, 0jy define locally analytic functions in C 2 . 

2. IfN = M, then f M = f and /+ = /+. 

3. The series On defines a rational function in Q(u). 

4- The K -support of R a ,p,N is contained in M±, and the K -support of 
RZ p tN is contained in M+. 

5. For all a G K , (3 G S with (3 > > ; the series R a ,p,N^ R£b N define 
locally analytic rational functions in Q(u). 

Proof. As a preliminary remark, we note that if (u, v) = $o(X z '\ then: 

u l v h = e(t(uz)), (22) 

where v G M* is defined by 

v = A^i-hO'- 1 + l) = hB{ + IB*. (23) 
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(1) . Lemma l2~Tl allows to see that the series /jv, 6^ define locally analytic 
functions in C 2 . Their domains of convergence can be determined explicitly; 
the domain of convergence of the series J'n is the set T>, whereas the common 
domain of convergence of the series f^, ®n is the set T> + . 

(2) . We prove that f M = f. We have that v G T± n M* if and only if 
v > —v' > and h, I G Z, which is equivalent, using (J22)) . to: 

A-^hiO- 1 - > and I > 9-% 

that is, taking into account that p(l) = 0, 

h>0, h<9l. (24) 

Since 9' 1 - 9'~ l > (condition 1JI3|)). i/ G J± n M* if and only if (/i, /) G Z 2 
and / > 1 and < h < 91}, and this ensures that fu = f- 

The proof of the equality = f + is very similar, and we omit it. 

(3) . Let us first suppose that N = M. Then, by definition, Qm = f + f + , 
so that: 

o m (m) = E E ul v h - 

1=1 h=l 

Applying lemma l2~T1 with p\ = 0,p 2 = 2/t(9~ 1 ) G Q>o, we see that Qm G 
Q(u). For general N the proof is the same because to iV is associated a 
Z-submodule of finite index Z C Z 2 , and lemma |2~T1 can be applied to it. 

(4) . Let G S, such that > 0. Then, /? G 5+ or /3 G S±. If /3 G 5+, 
then /at(Cm^) has its i^-support entirely contained in M±, and this, for every 
torsion point £. The same happens to f^iCuf) when (3 G S±. Thus, for 
all P > and for all a, R a ,p,N has its support in Mjji, because it is a linear 
combination of series already having this property. The proof of the property 
for the series g N is similar. 

(5) . Let v G K — {0}, let us denote: 

t(z/A- 1 / 2 ) r . 4- / \ t(i/) , - 

M = t{ e-^-^ ^ u M and = ^ G Q u {oo} - 

By using ()13jl. it is straightforward to see that 

p + (P) >9> p{P) > 0, if P > P' > 0, (25) 
p(/3) > > p + (/5) > 0, if P > -P' > 0. (26) 
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Let us suppose that (3 > P' > 0. With the notations introduced above: 

Ra,/3,N(®o(z,z')) = 

E e ( t (A^ + Z )))- E e(t(K« + ^))) 

v g /3iV* \ 
< -v' < w < -(p/p')v' 



.P 



The equality (|27)) implies that for every v G E#(i2 a 



- > ,/ > 0. (28) 
Let v be as in ()23|) . The condition (J28j) in the sum of (}2*Tj) is equivalent 

to 

< h< p{(3)l, 

because < —v' < v holds if and only if holds, and 9 > p{(3) (thanks 
to (EH)). 

Since p(P) G Q>o, lemma l2~Tl applies with p 2 = p(/5) and pi = 0, and we 
see that Rq 7 /3,n is a rational function in Q(u,v); it is locally analytic because 
p(0) > 0. Looking at (J27J) . for a G -ft', we see that: 

Ra,f3,N(u) = Rq,B,N ($0 2k \ ■ 

But the coordinates of $ (a//3, a'/ /?') G T are roots of unit. Thus, R a ,B,N(u) G 
Q(m, u) (the coefficients of the Taylor expansion at G C 2 lie in some cyclo- 
tomic number field of finite degree over <Q>). 

The other cases allow a similar proof and are left to the reader. More 
precisely, there are three other cases: one has to consider R^bn wnen P > 
P' > 0, R a ,B,N when (3 > —[3' > and R^bn wnen P > ~P' > 0; in some of 
these cases, one has to apply (|2T)j) too. The proof of proposition [T] is complete. 

Remark. Clearly, V n T = $ (W) and V + n T = $ (W + ). 
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2.1.1 Examples of series R a :f3 jN , g N . 

To let the reader become more familiar with the rational functions introdu- 
ced so far, it is worth to give some explicit examples, even if the proof of 
theorem 2 can proceed without them. 

First of all, if (3 E N C S + or if (3 E S n AN C S±, then, for all a E K: 

Ra,/3,N{u) = Rt,l3,N(u) = °- 

The most important example is when j3 is an irrational unit rj of S. 
Let 7] > 1 be a unit of S+. By definition we have: 

f(v?) = f(u)-Rr,(u) overP, (29) 
f+(u?) = f+(u) -R+(u) over V+ . (30) 

The identity (j2U|) is the functional equation of /, that is the relation (j3J) of 
the introduction. The identity f)30j) is a variant of it, involving the twin series 
./••• 

Let us inspect more closely these relations. Let W = rj 1 be the rank one 
multiplicative group generated by 77. We choose the fundamental domain for 
the multiplicative action of W on K± 

V{rj) = {v E K± : 1 < -v/is' < 7] 2 }, 

and the fundamental domain for the action of W on K + : 

V + (rj) = {v E K + : rf > vjv' > 1}. 

By using the techniques of the proof of (5) in proposition [H it is easily seen 
that, if u = $o( z i z ')'- 

R v (u) = y, e (t(^)) 

!^eX>(r?)nM| 
00 [p(v)i] 

= E E » l A 

1=1 h=i 



and 



r+(u) = E e (tH)> 

)ni\ 



i/€P + (j))nM| 



E E "'' 

1=1 fc=[p+(ij)j]+i 
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By definition of fundamental domain, if v G K + (resp. v G K±), then 
there exists one and only one element 6 Z such that r\ k v G T> + {t]) (resp. 
r] k u G V(rj)). 

We see that if k > 0, then T>(rj k ) is equal to the disjoint union Li k I^rj l V(r]). 
This implies: 

iV(«) = E^(^)- 

In particular, since Z± = lim^oo V(rj n ): 

CO 

/(«) = E ^W) = i im ^(M)- (31) 

n=0 

In a similar way, V + (r] k ) is equal to the disjoint union \J k ~QrfV + {r]) and 
X + = limn^oo P + (?7 n ), so that: 

CO 

/+ (u) = < («*" ) = Jim R+ (u) . (32) 

n=0 

2.2 An irrationality criterion for functions. 

We will give equivalent formulations of the property of semi-freeness, by using 
the linear independence properties of the rational functions R a ,/3,N, Rt,p,Ni 
and we will prove one half of theorem 2 (the easiest implication). We begin 
with a useful irrationality criterion. 

Definition 2.3 A strictly convex cone of R n of axisY_ G R n is the union of all 
the half-lines Z_R >0 such that the plane angle between Y_ and Z_ has absolute 
value less than, or equal to 5, for some 5 < ir/2. 

For a 2n-tuple of rational integers 

(Pi,qi,...,p n ,q n ), 

we consider: 

7i — A _1//2 (Pi - cfcfl' -1 ) G M* - {0}. (33) 

Let Q(V_) be any formal series in 2n variables V_ = (v^ . . . , v n ) with 
complex coefficients (n > 1). We may write: 

Q0O= E c e«- 

pez 2n 
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where p = (pi,qi, ■ ■ ■ ,p n ,Qn) an d c p C. The following definition extends 
definition 12. 11 

Definition 2.4 The K-support E K (Q) ofQ is the subset of (S(M*)) n C R 2n 
whose elements are the £® n (7) = (£(71), . . . , E(7„))'s such that there exists 
p with c p 7^ 0, satisfying (J33j). 

If z/ = (z/ 1; . . . , i/ n ) G then we will also write tt 2 (e) = (^i, • • • , v' n ) G K n . 
We denote: 

£+ = K + x^U^)^ 1 , S± = AT±x (K + UK ± ) n -\ 

The space of formal series such as Q(V_), whose if-support is contained in 
(resp. has a structure of C[V]-module (one can multiply a series by 
a polynomial, but a product on these series is not well defined). 

Lemma 2.2 (A criterion of irrationality.) Let Q(V_) be any formal se- 
ries in 2n variables with complex coefficients, whose K-support is contained 
in the intersection of (M*) n with Sj+ (resp. Sy^). Let us suppose that the set 
7r 2 (Sx(Q)) is contained in a strictly convex cone II o/R n and that it contains 
a sequence of points (x[ s , . . . ,x' ns ) G (K \ {0}) n such that: 

lim (x' liS , . . . , x' n>s ) = G R». (34) 
Then Q does not belong to C(V_). 

Proof. We only deal with the case of the other case allows a very similar 
proof, and is left to the reader. We choose the strictly convex cone II of the 
lemma in M >0 x M n_1 . 

In order to prove the lemma we need to show that, under our hypotheses, 
for any non-zero polynomial B G C[V], the .fT-support of BQ is infinite. 

Let B be any non-zero polynomial of C[V]. We may write, for complex 
variables v_ { = <&o{Zi, 4) witn £ = { z i-> ■ ■ ■ > z n) e C n , z' = {z[, . . . , z£J G C n : 

= 53 c Ae(t(A • V)), 

where £ = S^-(i?) is a non-empty finite subset of (M*) n , so that the ca's are 
all non-zero complex numbers. 
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From (PU) we see that for all e > 0, the ball B(0, e) of center G E n and 
radius e contains infinitely many elements (x' ls , . . . ,x' ns ) of 7r 2 (Sx(<5)): we 
denote B e the infinite set of these elements. 

We now prove that 7r 2 (£jf (5Q)) contains a translate (addition of R ra ) of 
B e by an element of 7r 2 (£ ), for e > small enough. 

The set: 

z= IJ A + 7r 2 (£ x (Q)) 

Ae7r 2 (£) 

clearly contains tt 2 (T i k{BQ)) by the distributive property of product with 
respect to addition. 

Since for all (t/i, 2/2? • • • iVn) £ ^(^(Q)) we have ?/i > by hypothesis, 
the finiteness of £ implies that there exists: 

i := M{y 1 such that (y u y 2 , . . . , y„) G Z}. 

Since vr 2 (Sx(Q)) has as an euclidean adherence point, we have that l G K 
and there exists a non-empty subset £q d £ such that for all A G 7r 2 (£ ), 

A = (i, *,...,*)• 

Let us choose an element A G 7r 2 (£ )- There exists e' > such that for 
all A G vr 2 (^) \ {A }, the distance from A to A is > e', because 7r 2 (£) is finite. 

Thus, the strict convexity of II implies that for all A G 7r 2 (£) \ {A }, 
A G M n is not an adherence point of 7r 2 (A) + II, by using the minimality of 
the first coordinate i of A and the finiteness of £. 

Hence, if < e" < e' is small enough, then: 

B(Xo,e") n A + n = 0, for all A G n 2 (£) \ {A }. (35) 

On the other side, we already know that the set B(X ,e") contains the 
set Aq + B e n. Collecting all the informations together, we have proved, using 
(J33J), that for all e" > small enough: 

X + B e " C A + 7r 2 (£#-(<?)), and 

A + B e „ n A + 7r 2 (S K (g)) = 0, for all A G 7r 2 (£) \ {A }. 
This implies: 

Xo + B ef/ C7r 2 (Z K (BQ)). 

Since B t n is infinite, A + B e » is infinite, and the i^-support of BQ is infinite: 
the proof of lemma 12721 is complete. 
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2.3 Linear independence. 

Under certain hypotheses, lemma l2~2*l becomes an equivalence, and becomes a 
tool to check linear independence of functions. In this section we investigate 
these properties, and we will prove three results. Lemma 12.41 is a converse 
of lemma 12.21 under certain hypotheses. Lemma 12.51 makes a connection 
between linear independence over Q of certain functions, and semi-freeness. 
Finally, lemma 12.61 resumes the main properties and is written to apply in 
one implication of theorem 2. 

We need some notations. Let ai, . . . , a m be elements of K and Pi, . . . , (3 m 
be elements of S — {0}, such that $ > for all i — 1, . . . , m, let us denote 



Let us assume, without loss of generality, that there exists mo, with < 
m < m, such that: 



The existence of mo is guaranteed up to reorder the indexes i (if mo = or 
mo = m, then one of the conditions is empty). We write 



N t = (3~ l M. 



fa G S + for i = 1, . . . , m , 

Pi G S± for i = m + 1, . . . , m. 



Ti(u) = fiC^'), for % = 1, . . . , m , 
Ti(u) = / + (CX l ) fori = mo + l,..., 



m, 



so that for all i = 1, . . . , m, we have 

Etf(Ti) CN*HK±, z = l,...,m. 
Together with the functions Tj, we need to also consider: 




/ + (CX')> for i = l,...,m , 
fiCX'), fori = 77lo + l,..., 



m, 



so that 



E i ,(T+)ciV*n2 + , i 



m. 



(36) 



Let us also define: 



rn 



Q{u) 



(37) 



i=l 



rn 



Q + (u) 



E^t+(m). 



23 



Lemma 2.3 Let (3 G S — {0}. The map T — > T defined by u ^ yf is a group 
homomorphism whose kernel is a finite subgroup of T with |n(/3)| = \/3(3'\ 
elements. 

Let ( G T be a torsion point. There exists an irrational unit rj G S+ such 
that C = C- 

Proof. The first part of the lemma is clear, since 3 l M/M = M*/(/3M*) is 
a finite group with |n(/?)| elements. We call such a kind of map an isogeny 
of degree |n(/3)|. 

Let 7] be a unit of 5: the isogeny T — > T defined by u i— > m* 7 is an 
automorphism (its degree is 1). 

The set C 5 = {C^; e 5} is a finite subgroup of T and is stable under 
the action of S. The automorphisms constructed with units of S act as 
permutations of the finite set ( s , so that a suitable non-zero integer power 
of any given irrational unit of S induces the identity map on ( s . 

2.3.1 A criterion of linear independence over C. 

Let r] > 1 be a unit of S + such that $o(«i'7, a iV') = < ^o(« ) tt / ) for all i = 
1, . . . , m (whose existence is guaranteed by lemma ESI)- 

Lemma 2.4 Let ci,...,c m be complex numbers. The following conditions 
are equivalent: 

(1) The function Q + (u) in \31\) is rational. 

(2) There exists a positive real number e, depending only on Q + , such that 
for all a G tt2{^k{Q + )), we have that a > e. 

(3) We have the identity of functions: 

m 

^c^+^HO, (38) 
i=i 

where N { = j3~ x M and Cj = $ (a i //3 i ,a! i /p' i ). 

(4) The function Q(u) in ^37}) is rational. 

(5) There exists a positive real number u, depending only on Q, such that 
for all a G 7r 2 (E^-(Q)) ; we have that a < —uo. 
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(6) We have the identity of functions: 

m 

E c ^(C!«)=0, (39) 
1=1 

where Ni and Q. o,re defined as in the point (3). 
Proof. We first prove that (3) implies (1). From ([30jh or (|3*Tjl . we see that: 

oo 

E<^(cV fc ) = /^(c!M), i = i,...,m, 

fc=0 

because W = rf fixes the torsion points Hence, if (|38|) holds, then 

m oo m 

5> E (c v fc ) = E ci/fe (c}m) = o. 

i=l fc=0 i=l 

We have, for all z = 1, . . . ,m, that /^(C-M) — Tj(u) = R^ i /3 .(u) is rational 
because of proposition [T] Thus 

E c ^ + («) = -E^<, ft («) 

i=l i=l 

is rational. 

That (1) implies (2) follows by the lemma l2~2l with n — 1; indeed, the if- 
support of Q + (m) is contained in = (in this case, the strictly convex 
cone is a half-line). As Q + {u) is rational, is not an adherence point of 
7i 2 (J^k(Q + )) and the required positive real number e exists. One can also 
apply lemma l2~Tl 



We now show that (2) implies (3). For every 7 £ T,k{Q + ), 

7 > e 

for some e > 0, by hypothesis. From the definition of the functions R a ,/3, Ra,pi 
we obtain the equality: 

m 

E c ^(c!M) = g + (M) + i?(u), (40) 

i=l 
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where 

m 

i?(u) = 5>i?+, ft (M) 

is a rational function, by proposition ^ The point (4) of proposition ^ says, 
with lemma [U (we take fif = K±), that there exists e' > such that for all 

7 > e . 

Let Q be the i^-support of Q + + R. We obtain from above, that for all 

7 e tt 2 (Q), 

7 > e", 

with e" = min(e, e'). 

Let P be the i^-support of the rational function 

m 
i=l 

We want to prove that V is empty; this will imply (|38j) . 
From (pfUj) . we see that: 

oo 

Q=\JrfV 

8=0 

(disjoint union). Suppose by contradiction that there exists some v <E V. 
Then for all % > we have that tf v G Q. As 

lim (77VY = 0, 

for some % big enough we have that 

e" > (rfv)' > 0, 

and this implies that there exists some element 7 6 Q such that < 7' < e" . 
But 7 does not belong to the fT-support of R(u) because of our choice of e", 
and this means that 7 G ^k{Q + (il))'- this gives us the required contradiction. 
Assuming part (2) of the lemma, it is now clear that (|38|) holds. 

Let us now prove that (1) implies (4). The point (3) of proposition Q 
implies that 

r i (u) = -Tt(u) + R l (u) 
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for some rational functions Ri(u) G Q(u). Thus: 



id 



Q(u) = -Q + (u)+J2dRi(u) 



i=i 



is a rational function in C(u). The proof that (4) implies (1) is similar. 

The proof that (4), (5), (6) are equivalent, runs along the same ideas 
than the proof for the equivalence of (1), (2), (3). It is enough to remark 
that Q(u) has its i^-support contained in MJ. Then one applies the lemma 
12.21 with n = 1 and fj^ = M±. the proof of the lemma l2~4l is complete. 

2.3.2 Linear independence over Q. 

Definition 2.5 Let iV D M be a complete Z-module, let u and (z, z') be 
couples of variables such that u = § (z,z'). The Heche's geometric series 
A N , B N are defined by: 



(see jHej ). The series converges over 7i x H , where H is the lower 
half-plane 

U~ = {z G C such that 3f(z) < 0}, 
and the series converges over 7i x TC. 

Lemma 2.5 Let Ci,...,c m be rational numbers. The following conditions 
are equivalent. 

1. The linear relation 



A N {u) 



E e(tM), 



B N (u) 



E <t(^)) 




(41) 



holds. 
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2. We have the linear dependence relations of Hecke geometric series: 

S^Mf-fW- (42) 

g g, f) »)= 0. (43) 

5. VKe /lave i/je linear dependence relations of rational functions: 

i>M*°(f-fM = ° (44) 

Proof. If A" is a complete Z-module of if, we have that: 

iV* = N± U AT* U (-JVJ) U (—A 7 "*) 
(disjoint union). We have the identity of formal series: 

MH.) = A N (U) + B N {U) + C N (U) + D N (U), (46) 
where An, Bn are the series of definition 12. 5| and 

C N {u) = £ 

!^e-vj 

^jv(m) = E e(t(i/z)) 

i/e-jv* 

(Cat converges over x 7Y, and converges over x 7i~). Thus, part 
1 of the lemma implies part 2. 

Moreover, if N = fi~ l M for (3 E S\{0}, we have that N± = U kez (r] k V(r])n 
N*) (disjoint union), and similarly for APJ\ Thus: 

T, R r,M^ k ) = A N (U), 

fcgz 

T,Kn(^) = B N {u). 

fcez 
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If a G K, (3 G S \ {0}, and 77 is a unit such that at] — a G M, then for all 

fc G Z, i/ G /3M*: 

t(uar] k /(3) - t(ua/P) G Z. 
In particular, for alH = 1, . . . , m, the hypotheses of the lemma imply: 

e(tM fc /ft)) = e(t(z/«,/A)). (47) 
Now, by using (JTTj) we have, for u = $o(z, z')\ 

A Ni UJf,^)^\ = E e(t(m i /A))e(t(^)) 

\ \Pi PiJ / ue(N*) ± 



E ^ $ ° ( 



A' A' 



and similarly for From these identities, it follows that part 2 of the 

lemma is equivalent to part 3. 

We prove that part 2 of the lemma implies part 1. We have: 



MMf'fW = £ e(t(^/A))e(tM) 

\ \Pi PiJ J ve(Nf)± 



= E e(t(-z/a i /A))e(t(^)) 

= E e(t(-z/ ai /A))e(t(-z/z)) 

"e(jv;)± 

= E e ( t (A* a i/A))e(t(AXz)) 

with m* = $ (z, z') (the symbol 7 means "complex conjuguation"). Similarly, 
one obtains: 



MMf-fr) - MMf-f «* 



Finally, the linear relations 



a,; a' 



E ^*U'« B ^ (48) 



1=1 
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for Xi = A N .,B N . also imply the linear relations (p!S|) for X; L = Cn v D n ., 
because the coefficients c, are rational integers, thus invariant by complex 
conjugation: hence the relations ()48|) hold for Xi = A{, Bi,C{, Di, and ap- 
plying (|46p. we obtain the formal relations (j4~Tj) . The proof of lemma 1231 is 
complete. 

Remark. The series A N , B n ,Cn, D N converges, but have disjoint domains 
of convergence. 

Lemma 2.6 Let ci,...,c m be rational numbers. Taking into account the 
notations introduced above, the following conditions are equivalent. 

1. We have that Q{u), as in belongs to Q(u). 

2. The linear dependence relation fl^i| ) holds. 

Proof. By lemma 1231 the second condition of the lemma 1231 implies ()45|) . 
This identity is the condition (6) of lemma 12. 4|) which is equivalent to con- 
dition (4) which is the first condition of lemma 12.61 

On the other side, if the first condition of the lemma holds, by lemma E3J 
conditions (3) and (6) of lemma 12.41 hold so that ()44|) and (|45jl are satisfied; 
then one applies lemma 1231 to obtain the second condition of the lemma. 

2.4 Proof of one half of theorem 2. 

First of all, we state and prove a little lemma. 

Lemma 2.7 The set V does not contain any torsion point ofT. 

Proof. If (u, v) = $ (z, z') ETC) V, then 

{z,z') R x C, (49) 

because (z, z') G 1 x C x if and only if \u\ ^ 1 and |w|H e = 1, and (z, z') G 
R x {0} if and only if \u\ = \v\ = 1, by ©• 

In particular by (jUIJ), if (u,v) G T fl V then z G" S(i^) and u is not a 
torsion point: every point of T> is a point of infinite order. 

We prove here the easiest implication of theorem 2. 



30 



Proposition 2 Let A4 = (u 1 , . . . ,u m ) be a m-tuple of algebraic elements of 
T(Q) nT> which is not semi-free, then there exists ci, . . . , c m rational numbers 
not all zero, and an algebraic number A such that 

m 

E c */C^) = A. 
i=i 

Proof. By lemma ET71 we know that «j has infinite order for all %. Without 
loss of generality, we can suppose that there exist elements azi, . . . , a m of K, 
elements j3\, . . . , (3 m of S — {0} such that 

u i = ^o{a i ,a' i )v^ (50) 

for an element v G T(Q) of infinite order. 

In view of the semi-freeness property, we can proceed for the most com- 
fortable possible choice of ctj and of the point v in (jHOjl (by using the lemmata 
15.11 and 15.21 of the appendix) . 

In particular, we may modify (J5Uj) so that v is replaced with v ±v for some 
unit rj, consequently, $ is replaced by ±Pi7]~ k . 

Up to replace v by vT 1 , we may suppose that v = $>o(z, z') with (z, z') G 
H x C (from lemma l2~T| or (JH1J) we know that (z, z')^lxC). 

Since u G $o(^ x C), then for k G N big enough: 

vf G 1?+. 

Indeed, = $>o(r] k z,r]' k z'); since r/ fc = t]~ k , we have that [j] k z^Vj k z'^) G W + 
for big enough. This means that we can choose v G V + in (JHUJ) : from these 
equalities we also see that $ > for all i = 1, . . . , m. 

Taking into account (j5U|) and applying lemma ETol we see that (}3Tj) holds, 
with rational coefficients Q not all vanishing, so that Q(u) G Q(m)- By 
definition of 9m: 

Tiiu) = e M (^) - /(C^ ft ), i = m + 1, . . . , m, 

so that 

mo m m 

E^(c!« ft )- E ^/(cvo = q{u) - E ^©m(c^) 

i=l j=mo+l j=mo+l 
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is a rational function in Q(u) (because a/ G Q(m))- The latter equality holds 
for u = v_ because v G T> + , and all the series above converge on T> + . Hence, 

mo m 

E °if^i) ~ E c jf(Uj) = A G Q, 

i=l j'=mo+l 

and the proof of proposition |21 is complete. 

In the rest of this article we prove the other implication of the theorem 2, 
that is: if u u . . . , u m G T(Q) fl V are such that the numbers f(ui), ■ ■ ■ , f(u m ) 
are algebraically dependent over Q, then these points of T(<Q>) are multi- 
plicatively semi-independent (with respect to $q). The existence of a linear 
relation such as (|15|) will follow from proposition El 

3 Arithmetic and analytic tools. 

In this section we deal with the arithmetic and analytic tools to be used in 
the proof of our theorem. We start with the (arithmetic) result which is the 
heart of the Mahler method used here; the criterion of algebraic independence 
of Loxton and van der Poorten. 

To apply this criterion, we have to check some technical hypotheses, no- 
tably a certain analytic condition (property A); we first study in more detail 
the algebraicity of the action of S over T defined above, as well as the na- 
ture of the automorphism involved in the functional equation of /. Then we 
relate these algebraic properties to the "analytic properties" required by the 
Mahler method, by using Masser's vanishing theorem. Particular bases for 
S'-sub-modules of T are constructed. We do this by extending a technical 
lemma (lemma 3 p. 37 of |Lo-Po4j ) of Loxton and van der Poorten ( 2 ). 

Then we present the functions in two variables to be used, as well as 
some of their elementary properties. Finally, we are ready to introduce the 
locally analytic functions in several variables which will be studied to prove 
our theorem 2, and the functional equation satisfied by these functions; here, 
the results of section |21 will be applied. 

2 The generalisation needs Baker's theorem on linear forms of logarithms, unlike the 
original lemma of Loxton and van der Poorten. 
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3.1 Arithmetic tools: an outline of Mahler's theory. 

Following |Mas2j . we recall a terminology that will be used in the sequel. Let 

& — \ a i,j)l<i,j<n 

be a regular square matrix of order n with its coefficients aij in Z, Let 
V_ — (%,..., Vn) be an element of Gj^(C). We write 

B.V = Ve C", 

where V_= (v 1 , . . . , v^) with Vi = Hj=i Vj 1 ' 3 ■ 



Definition 3.1 We call isogeny associated to B the map G™ (C) — > G^(c) 
given by V_ i— > <8.V\ 

Suppose that for all 1 < i, j < n we have a^j > 0. It is well known (p. 396 
of |bo-Po3p that the maximum Ag of the absolute values of the eigenvalues 
of B is itself an eigenvalue of B. 

Definition 3.2 We say that the matrix B is good if it is non-singular, it 
has no roots of unit as eigenvalues, and it has an eigenvector y_ B G K n C C" 
corresponding to Xjg whose coordinates are all positive, (this is the definition 
of PvEs2] p. 209). 

If B is good then there exists a non-empty subset U(B) of Gj^(C) such 
that for all U_ G U(B) we have 

lim B k .U = 

k— >oo 



The set 14(B) is moreover the intersection of an open euclidean neigh- 
bourhood of in C h with G™ (c) (see the definition 2 p. 93 of |Lo-Po2j or the 
definition 2 p. 397 of |Lo-Po3j and the lemma 1 p. 397 of |Lo-Po3p . 

Definition 3.3 If A G U (£>), we say that A satisfies the property A (abridged 
expression for "analytic property") if the only locally analytic function F 
such that F(B k .A) = for all k big enough is the zero function (p. 398 of 
|bo-Po3| V 



33 



Let ^ i(V_) , . . . , ^ m (V_) be locally analytic functions in ft variables and 
satisfying a system of functional equations: 

^j(B.V) = VjiV) + Rj(V) for 1 < j < m, (51) 

where R\, . . . , R m are rational functions. We will use the theorem on p. 399 
of |Lo-Po3j that we quote here as a proposition. 



Proposition 3 (Loxton and van der Poorten.) If the Taylor series atO 
of^/j, the coefficients of Rj and the coordinates of A are algebraic numbers 
for all i — 1, ... ,m ; if Ae U{B) satisfies the property A, if and Ri are 
defined and analytic in a neightbourhood of A, and if 

*l(Z),...,*mG0 

are algebraically independent overC(V_), then the complex numbers 

are algebraically independent over Q. 
3.2 Isogenies. 

Let v be an element of S \ {0}, let us denote: 

SoM^o-^ ,)-^ 1 . (52) 

As for (jHJ), Bq(v) has determinant n(z/) and has rational integer coefficients; 
moreover, it satisfies = Bq(u).u for the choice of the exponential function 

Lemma 3.1 The isogeny u\-^u u of T extends to an analytic map C 2 — > C 2 
if and only ifL{v) 6 X where: 

X = | (y, y') ^ r2 such that y > max j y', ®—y' j > j . 
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Proof. This can be easily checked by a direct computation, because the first 
condition is equivalent to require that all the entries in the left hand side of 
(152)1 are > 0; if £(V) G X, then all of the entries of Bq(u) are non-negative 
rational integers. 

Example. If rj G S + is a unit such that r\ > 1, then G A", so that the 
isogeny (automorphism of infinite order) 

T — > T 
u i — > m' 7 

is locally analytic. 

This can also be seen by using continued fractions as follows. Using (jSU)) 
of the appendix we get: 

««>-(Yi) P< 

which implies that all the entries of Bo(rj) are non- negative integers. Clearly 
Bq(t]) is good. 

3.2.1 Direct sums of isogenies. 

In the following, we must work in finite direct sums of copies of T, and we 
also need to consider direct sums of isogenies. Let 

£® n : K n -> R 2n 

be the direct sum of n copies of the embedding S. 

Lemma 3.2 Let y_ := (Vi, . . . , u n ) G (S \ {0}) n . Then the isogeny V_ i— >■ V[- 
defined by: 

extends to an analytic map T n — > T n z/ and oreiy i/E® n (z/) G Af n . 
Proof. This is a simple consequence of lemma I3~T1 
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Example. The isogeny 

V = (v 1 ,...,v n )^V^:=(vl...,y%) 
extends to an analytic map C 2n — > C 2n . Setting 

B := Boiv)^ 

we see that B is good, and that 

VJL = B.V. 

3.3 Multiplicative independence. 

Definition 3.4 We say that the points a 1; . . . , a n E T are multiplicatively 
independent (with respect to $oJ if the only solution (/ii, . . . ,/i n ) E S n of 

of •-•<"=! ( 53 ) 

in T is the trivial solution — ■■ ■ — fi n — 0. Clearly a notion of multiplica- 
tive dependence is determined as well. 

Remark. It is easy to see, applying directly the definition 11.21 t na t if 
multiplicatively independent, then they are also multiplica- 
tively semi-independent. The converse is false, and the section 15.41 of the 
appendix provides some counterexamples. 

3.3.1 ^-groups of finite rank. 

As S may have non-principal ideals, it is in general difficult to study abstract 
S'-modules. The definition below will be useful in the following. 

Definition 3.5 Let n be a non-negative integer: we say that an S- module 
T is an S- group of rank n if 

1 — 1 tors tt> O W W J y 

n times 

where V tors is a finite group (in case n — 0, the definition requires that 

r = r i 

L tors ) • 
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The following lemma provides a tool to simplify matters in case we only 
consider finitely generated S-submodules of T (this will be the case all along 
this article). 

Lemma 3.3 Any finitely generated S-module A C T is contained in some 
S -group of finite rank of'T. 

In particular, ifui, ■ ■ ■ ,u m (ire elements off, then there exists an S-group 
T of rank n <m such that: 

uf ■ ■ ■ ui ; = {«f 1 • • • vt , Pi , • • • , An e S } c r . 



Proof. We prove the first part. Let {u^ . . . ,u m } be a set of generators of 
T, let Tfc be the S-submodule of T generated by {u x , . . . ,u k }. The ^-module 
Ti is clearly an S-group of finite rank (equal to if Ui is a torsion point of 
T, equal to 1 if Ui is a point of infinite order). 

We now suppose that r fc _x is contained in an S-group A k _i C T of rank 
r > and we proceed to prove by induction that T k is also contained in some 
S-group A fc C T of rank I >r. 

It is enough to construct an S-group of finite rank A& D Afc_i such that 
u k G Afc. By hypothesis: 

A fe _! = (A fc _i) to „uf ■■■vf, 

where (A^_i) tors is a finite torsion subgroup of T and v x , . . . ,v r are multi- 
plicatively independent elements of T. 

If . . . ,v r ,u k are multiplicatively independent, we put 

A k = A fc _i«f . 

Let us suppose now that v l , . . . ,v r ,u k are multiplicatively dependent. We 
have a relation: 

Pi 0r 

K k =V_l---Vr, 

where (5 e S - {0} and (ft, . . . , (3 r ) E S r - {(0, . . . , 0)}. 
For i — 1, . . . , r, let be an element of T such that: 

V4 P = Hi- 

Let A[_ 1 be the S-submodule of T generated by (A fe _i) tors , the kernel Ker(/3) 
of the isogeny given by u i— > yj 3 , and the elements uf for i — 1, . . . , r. 
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Since the w • are multiplicatively independent, A|_ 1 is an S-group of rank 
r: it contains A fc _ x and u k . We put = K k _ v Since the second part of the 
lemma is clearly a consequence of the first part, the proof of the lemma is 
complete. 

3.3.2 Basic facts about S-groups and multiplicative independence. 

Lemma 3.4 Let a l7 . . . ,a n be points ofT, let . . . , {Cn,C' n ) be elements 

of C 2 such that $o(£i>£0 — Q±i f or i — 1, ■ ■ ■ ,n. Then the following three 
conditions are equivalent. 

1. The points multiplicatively dependent. 

2. There exist elements T\, . . . ,r n G K not all zero and r G K such that, 
in C: 

n n 

J2nti = T, andJ2r£i = T'. (54) 
i=i i=i 

3. If G is a finite torsion subgroup off, then Gaf ■ ■ ■ is an S -group of 
rank n. 

4- there exists an n-tuple r = (r 1; . . . , r n ) G K n — {0} and two elements 
Ui,i/ 2 G K linearly independent over Q, such that: 

tMr t(z/ 2 (r- t 0) GQ, (55) 

where r ■ *£ stands for Ya=i T id- 

Proof. The equivalence between the first three conditions of the lemma is 
easily checked; for example, the first two conditions are equivalent because 
for all t G K there exists p G Z \ {0} such that pr G S. 

We prove that the fourth condition implies the second condition. Let 
Ui, z/ 2 be two elements of K which are Q-linearly independent and r G K n \ 
{0}, satisfying (jHHj) . Let us suppose that: 

t(z/i(r- t 0)=r 1 , t(z/ 2 (r- t 0)=r 2 , 

with ri, r 2 G Q. It is enough to prove that (/i • *£, /i' ■ t ^') G 
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Let us write £j = Xi + iyi with Xj, y^ G R for i = 1, . . . , n. Let a = r • 
a' — r' • t a; / , {3 = r- t y and /?' = r' • t y / . As the matrix ( 1 ! ] is invertible, 
from 

/a + i/3\ = /rA 
and separating real and imaginary part, we get (5 = (3' = and: 

- u 2 u[J 

This is the second condition. If on the other hand the relations (jHljl hold, 
then, we have (r • *£, r' • G H(K), and for any two elements u%, v-i of X 
we have (|55j). The lemma EOl is proven. 

3.3.3 Algebraic interpretation of an analytic property. 

The lemma below is a generalisation of lemma 3.2 p. 212 of |Mas2j . 

Lemma 3.5 Let us consider points a Xl . . . , a n G T(Q) fl V. Then, the point 

A:= (a x ,...,a n ) G T™ 

m U(B). 

Moreover, the points multiplicatively independent if and 

only if A satisfies the property A. 

Proof. It is easy to see that V C U{Bq{t])): using the same arguments as in 
lemma 3.2 p. 212 of |Mas2j . we also see that A G U(B). 



Let us suppose that A does not satisfy the property A. The theorem p. 
276 of jMasl| implies that there exist two distinct elements 

(Pl,l,gi,l, • • • ,Pn,l,?n,l)> (Pl,2, ?1,2, • • • ,Pn,2,qn,2) G N 2 ", 

and an arithmetic progression R C N, such that if we write: 

Mi(U u Vi, . . • , U n , V n ) = U^V? 1 -* ■ ■ ■ for i = 1, 2 , 
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then we have: 

Mi(B K .(u 1 ,v 1 , . . . ,u n ,v n )) = M 2 (B K .(ui,vi,. . . ,u n ,v n )) for all k G &. (56) 

Let £),..., e C 2 be such that $ o (&,60 = % = let 

Hvbi^ M * U such tliat 

S ® n (^) = (PL*. «M> • • • iPn,*, g n ,i) ■ ®o" f o r i = 1, 2. 
We observe that r = n — /j 7^ 0. We have : 

M i (B K .(u 1 , vi, . . . , m„, u n )) = 
= exp{27ri(p M , g M , . . . ,p n>i , g n>i ) • B K ■ <B® n • • • • , C)} 

= exp{27ri(p M , 9M , . . . , p n>i , 9nji ) • <8® n • »7~Ti, ■ ■ ■ , ^n, V~ K 0] 

= exp{27rit(77>. • *£)} for i = 1, 2. 

The identities (pjtjj) for k 6 ^ imply: 

t^V-^), t(rf 2 r ■ *f) G Q 

for two distinct rational integers Ki and k^- But r^ Kl and 7/ K2 are Q-linearly 
independent and lemma EP1 implies that a 1 ,...,a n are multiplicatively de- 
pendent. 

On the other side, if a 1; . . . , a n G T> are multiplicatively dependent, then 
it is easy to see that for some I G N x , the point 

lies in a connected algebraic subgroup H of T™ = G m (C) 2n of even codimen- 
sion > 2, stable under the diagonal action of S (over T n ). In particular, for 
all keN, 

A^- g H. 

Let Hi be a hyper surf ace containing H; for all k, 

B k .A = At G H x . 

The reader can check that H x can be choosen so that an equation defining 
it also provides a non zero locally analytic function F such that for all k big 
enough, 

F{B k .A') = 0. 

This condition implies that the point A does not satisfy the property A. 

Remark. In this text we only need to know that if multiplica- 
tively independent, then the point A satisfies the property A. 
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4 End of proof of theorem 2. 



Let ,u m be elements of infinite order of T(Q) D V, let us consider the 

S'-submodule A of T generated by u l7 . . . ,u m and let us choose an S"-group 
of finite rank T of T(Q) such that T D A, whose existence is guaranteed by 
lemma E31 let n > 1 be its rank. Let W be any infinite group of units fj of 
S + acting as the identity map on r tora (it exists thanks to lemma . 

4.1 Looking for a positive 5-basis. 

We will need the following proposition, which is a variant for a real multipli- 
cation structure, of lemma 3 p. 37 of |Lo-Po4j . 

Proposition 4 It is always possible to find multiplicatively independent el- 
ements a.1,..., a n G T(Q) fl V + , elements u_j = (z/^i, . . . , Vj >n ) such that 
S(z/jj) G X, elements rjx, . . . ,r] m G W, and elements <x,- G K such that: 

uf = $o(ai, a'ijQa' 1 ■ ■ -Qin' n y for i = 1, . . . ,m. (57) 

The proof of lemma 3 p. 37 of |Lo-Po4j is simple. Conversely, our proof 
of proposition 0] is quite involved (Baker's theorem on linear forms of two 
logarithms of algebraic numbers occurs), and it is more convenient to begin 
with some technical settings, and to divide the proof of the proposition in 
several lemmata. 

4.1.1 Topology of matrices. 

We fix an isomorphism between the euclidean vector spaces K" 2 and M nxn (R), 
the space of square matrices of order n and real entries. 

Lemma 4.1 Let a, y G R n be non zero column matrices, let T be a matrix 
of M nxn (R) such that 

T -a = y. 

There exists a non empty subset 

Aa,y C M nxn (K) \ Z, 

locally isomorphic to R n ~ n , such that T G Aa, y (euclidean adherence), and 
such that for all T G Aa, y , T ■ a = y. 
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Proof. Since a, y do not vanish, the set 

Ta >y = {T G M nxn (R) such that T • a = y} 

is a proper translated of a vector subspace of M nxn (R) of dimension n 2 — n. 

Clearly, T &y Z, where Z is the locus of vanishing of the determinant 
in M nxn (R). Thus, 

2 

is non-empty and locally isomorphic to R n ~ n . 

If det(To) 7^ 0, then clearly, T G Ag_, y - It det(T ) = it is easy to 
construct a sequence (Tj)j>i of matrices T G Aa, y , such that lim^oo T = T . 

In an euclidean vector space V, we denote B(x, r) the open euclidean ball 
of center x and radius r > 0. 

Lemma 4.2 Let O be a non-empty open subset ofR n , a, y G R n be non zero 
wit a&O, let T G M nxn (R) be such that 

T -a = y. 

For e > 0, let Aa, y ,e be the subset of R n whose elements are the matrices 

T G (M nxn (R) \ Z) n B{T , e) 

such that there exists a* G B(a,e) fl O with T ■ a* = y. 

For all e small enough, Aa, y , e is non-empty, open, and satisfies the prop- 
erty that T G Aa,y,e ■ 

Proof. For e > small enough, G" B(a,e). Let a* G B(a, e) fl 0; then 
a* 7^ and we can apply lemma I4~T1 Let Aa*, y be the set given by lemma 
14.11 We see from the definition (the elements of Aa, y are invertible matrices), 
that if «i 7^ 0L2 are two elements of B(a, e) or B(a, e) fl O, then: 

As -B(a, e) fl O is locally isomorphic to R n , the set 



.4. = |J (disjoint union) 

a*£B(a,e)nO 



2 

is locally isomorphic to M. n . Moreover, 



Aa,y,e=AnB{T ,e), 



thus non-empty and open. From lemma l4~T1 we also see that T G A, 
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4.1.2 Two open sets and their intersection. 

Let T, T' G M nxn (R): 



Then we define: 



Ltt' = 



Tn,n ) 



r 



T, 



(58) 



■' / 

n,n / 



( ' ' • &l,n \ 

V K,i ■ 



e M- 



2nx2n 



(R), 



where the block bij is the matrix ' 



Ti.i \ 



Let 



A 



TT , 







„2ra 



e M 2x2 (m). 



2ri 



be the linear map associated to the matrix Lt,t', acting on column vectors 
from the left. The map Xt,t' is an automorphism if and only if both of T, T' 
are non-singular, because det (Lt,t') = det(T) det(T'). 
Let 5 be a positive number, let us choose: 



y 



(yi,...,y„),GR B \{Q} 
y' = (y[,...,y' n ),em n \{0} 
Y = (y 1 ,y f 1 ,...,y n ,y' n )e(M. n \{0}) 2 , 



(59) 



and let us define the matrices 

f yi ■■■ yi ^ 

T = 



V y« 



and Tq 



yi ••• yi \ 



V y; 



y n ) 



We introduce two subsets X(5),2) of the real euclidean space M nxn (R) x 
M nxn (R) = R 2n2 of couples of square matrices (T, T') of order n. 

3C(8) is the non-empty open set of couples (T, T') with T = (rij),T' = (r/ •) 
such that the absolute values of the coefficients of the matrices: 



T - T , T' - Tq 
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are < 5. 

2} is the set of all the couples of regular matrices (T, T') such that 

lGA T ,r(3(W + ) n ), 

where = 3f(>')) with {z,z') G W + } C R 2 . 

Lemma 4.3 The set 2J zs a non-empty open set such that the couple of ma- 
trices (T ,Tq) belongs to its euclidean adherence^). 
For all 5 > 0, the intersection 

3(5) := X(5) n 2} (60) 

contains a non-empty open set. 

Proof. We prove that for all e > small enough, the set 

contains a non-empty open subset. 
Indeed, let us choose 




and let us denote: 

O = {x = (xi, x n ) such that Xi > 1/n}, 

O' = {x! = (x[, . . . ,x' n ) such that — \jn < x\ < 1/n}. 

We apply lemma twice: once for the data T ,O,a,y, once for the data 
TQ,0',a',y' (all the hypotheses are satisfied): we obtain, for e > small 
enough, that 

A' ■= A x A / / 

is non-empty and open in IR 2 ™ 2 , and the reader can easily check that it is 
contained in 2J fl B((T , Tq), e). 

The set 2) is open: let (T, T') 6 J). If £,£' are matrices of size n x n 
whose coefficients are real numbers of small enough absolute values, then 
T + £ and T' + £' are regular, because the locus of couples of matrices (S, S') 
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such that det(S') det(S") = determines a Zariski proper closed subset of 
R 2n not containing (T, T'). Let (7(e) be a little cube of size e > centered 
at G R 2n \ 

If e > is small enough, the function H : R 2n — > R 2n defined by: 

H :{£,£') ^{\ T+£ , T , +£ ,y l {Y) 

is well defined and of class C°° on (7(e). Since #(0,0) G 3(W + ) n by hy- 
pothesis, and since the latter set is open and non-empty, for e small enough 
H(C(e)) C 3(W+) n and C(e) eg). 

Since for all 5 > 0, (T , Tq) G X(5), we see that for all 5 > 0, the intersec- 
tion 3(5) contains a non-empty open set. The lemma is proved. 

4.1.3 Application of Baker's theorem. 

Lemma 4.4 Let b = (a, b) G T(Q); then the following conditions are equiva- 
lent. 

1. |a||6| 9 = l. 

2. \a\\b\ e ' = 1. 

3. \a\ = \b\ = 1. 



Proof. Since |a|, |6| are algebraic numbers, If \a\ ^ 1 or ^ 1, then 
log \a\ + 9 log |6| = if and only if there is a rational number r such that the 

matrix ( ) is singular, by using the ineffective Baker's theorem on linear 
\lrj 

forms of logarithms of algebraic numbers (see p3a] for the foundations of the 
theory), because \a\, \b\ are real algebraic numbers. But 9 is irrational, and 
the matrix above cannot be singular. In this way we see that the first and 
the third conditions of the lemma are equivalent. 

The same technique can be applied to the linear form log \a\ + #'log 
to prove that also the second and the third conditions of the lemma are 
equivalent. 
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4.1.4 Proof of proposition 

It is easy to check, by using lemma I3~T1 that: 

Since Uj G X> for % = 1, . . . , m, for all % = 1, . . . , m there exists r]i £ W such 
that = $o(wj,ioQ, for a couple of complex numbers (u>j, with 

{UX) ■= (SW,3M)G^. 

The S'-module generated by the elements u$ i is also contained in T because 
of the choice of W, which acts as the identity on the torsion subgroup. Let 
us choose an S'-basis (bi,...,b n ) of r/r tors , i. e. a maximal collection of 
multiplicatively independent elements of T. 

There exist elements a%, . . . , a m G K and elements //,..., £t G S n — {0} 
with \i. = (/!«,!, . . . , /ij 5 „) such that: 



a 



Let us fix elements (z%, z[), . . . , (z n , z' n ) G C 2 such that 

%{zi,z£ =b i = {a h bi) e T(Q). 
Let us write ?/i = ?/• = the identities (fHTjl imply: 

n n 

Let us consider ?/' and y as in (}59|) . let 

£ = (ti, . . . , t m , t' m ) G M 2m 

be a column vector, let 

I A*i,i " 



M = 

We may rewrite (|62|) as follows: 



G M mxn (S). 



t — Lm,w ■ y 

= {Lm,m> ■ L TjT >) ■ (L TT , ■ y) 



(61) 



(62) 



(63) 
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for every matrix T G GL n (K) (in this case, T' is its Galois conjuguate). We 
now proceed to choose T in a fruitful way: let the coefficients of T and T' be 
as in (|SSJ|. 

We see that both y, y' are non zero. Indeed, applying lemma fOl y, = 
(for some i) if and only if |aj| = = 1 if and only if y[ = 0. Thus y = if 
and only if y' = 0. But if y, y' both vanish, then the 5-group generated by 
bi, . . . , b n would be entirely contained in the boundary of V, and in this case, 
it could not contain elements G T> ( 3 ): lemma 14*751 can be applied, and the 
set 3(5) defined in fjf*oTT|) is non-empty and open, for all 5 > 0. 

By lemma l4*""*fl 3(5) contains a non-empty open set. Hence, for all 5 > 
there exists T G GL n (K) such that (T,T') G 3(5), because E(iif) is dense in 
R 2 for the euclidean topology. We fix such a couple of matrices. 

First of all, since (T,T') G 2), we have: 

£:=L^-Ie3(>V + ) n (64) 

Moreover, if 5 > is small enough depending only on the elements /i. and 
on the basis 6 1; . . . ,b n , then the coefficients $j of the matrix M - T — 
satisfy, by using Lm,m' • £t,t' = L M -t,m'-t'- 

E{q i;j )eX foralH,j. (65) 

In effect, since we have the identities (|62j) in R and (in if): 

n 
k=l 

if (T, T') and (T ,Tq) are close enough (if 5 is small enough), then 

is close enough to (i = l,...,m,j = 1, ...,m) to lie in since 

(tj, £Q G (i = 1, . . . , m) by hypothesis. 

Hence, (f6*4*)) and ([6*5]) hold at once for our choice of T G Gh n (K). 

We now consider \t,t> as an automorphism C 2n — > C 2ra . Let us denote 
(column matrices): 

(z\, z 1 , . . . , 5 n , 5 n ) = \ TT ,(zi, z 1 , . . . , z n , z n ). 

Since (z 1 , z[, . . . , z n , z' n ) G A TjT /((W + ) n ), we have that z-) G W + for all 
i = 1, . . . , n, because of (f6*4*|) . 

3 Note however, that some elements of the S-basis ( 6 x , . . - , &„ ) might belong to the 
boundary of T>. 
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From (J65j) we see that: 

£t := ( Q>1 , < x , . . . , ftfB) < J G (* n E(JO) B (< = 1, • • • , m). 

A Kronecker-type extension provides the end of the proof. Let d G Z >0 be 
such that d$ij G S 1 for all i,j (in this way, S(d^ i:? ) G A" because £(<«j) G Af), 
let £i = Zi/d, — z'i/d ( we see that G W + ). The proof of the 

proposition |U is complete by setting : 

ttj = G V + , Uij = <kij. 

Indeed, for i — 1, . . . , m: 

(n n \ 

= $o(a i ,aM*' 1 -'-sJ? ,B - 



4.2 Auxiliary functions. 

We are ready to continue and complete the proof of the theorem 2. Let 
Mi 5 • • • ;M m be elements of T(Q) PI £>, let us suppose by contradiction that the 
complex numbers /(u-J, . . . , f(u m ) are algebraically dependent over Q. 

In view of an application of the proposition |3] of the section El we must 
exhibit a certain choice of locally analytic functions for i — 1, . . . , m. 

We proceed like this. We apply the proposition HJ let W be as in the 
proposition. We then have a positive integer n, elements a l} . . . , a n G T(Q) D 
V + which are multiplicatively independent, elements Uj = (vj,i, ■ ■ ■ , Uj >n ) with 
m( v j,k) £ X, elements rjx,...,r] m G W and elements otj G K so that the 
equalities (|H7jl hold, with (. = $ (o;i,a-)- 

We may arrange the indexes i — 1, . . . , m so that there exists < m < m 
with: 

z^,i G 5+ for i — 1, . . . , mo, (66) 
g S± for i = mo + 1, • • • , m. 



48 



According with the value of m , we define: 

^00 = ^(21, ■■■,«») = / + (C i ^' 1 ---< i '")fori = l,...,m Q) (67) 

= fiCiHi' 1 ■ ■ ■ IZn for i = m + 1, • • • , rn. 

Let us now check that the proposition El can be applied. 

First of all, as f(u),f + (u) are locally analytic and £® n (z/j) G A*™, the 
functions are locally analytic, thanks to lemma "3~""" 

It is easy to see that the Taylor coefficients of the series defining the 
functions ^i(V_) are algebraic numbers in some cyclotomic number field of 
finite degree over Q. 

The functions ^i(V_) converge simultaneously on a non-empty euclidean 
open neighbourhood Q of G C 2n with the property that: 

ficW(B). 

After the identities ("2*""]) and ("3""]) . the functions ^i(Vl) satisfy on the col- 
lection of simultaneous functional equations: 

*i(¥?) = *i(¥)-Ri(¥), (68) 

where 

Ri{V) = <(C^---^")forz = l,...,mo, 

= RviQ^Li 1 ■ ■ ■ Hn' n ) for i = m + 1, . . . , m. 

Moreover, the matrix B involved in the automorphism of (|68|) is good, as we 
said earlier, in section 13.21 
Let us denote: 

A = (a 1; ...,a n ) G T n . 
By the first part of lemma 13*31 A G U(B) so that for k big enough, 

B k .A = M k g a 

Hence, for any k big enough (as soon as the values make sense) we get: 

Q(MA^), . . . , 9 m (A^)) = Q(/(«0, • • • , f(uj), 

by an iterated application of the functional equations (|68p. as well as the 
identity Q M = f + /+. As multiplicatively independent we see 

that, after the second part of lemma "331 the point A satisfies the property 
A as well as for all k > 0. Therefore, the proposition |3J can be applied 
and says that the functions ^i(V_) are algebraically dependent over C(V_). 
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4.3 Algebraic independence of locally analytic func- 
tions. 

To end the proof of theorem 2 we still need to prove that, supposing the 
functions ^(V) defined in (jfi7)l being algebraically dependent over C(V_), the 
m-tuple M. is not semi-free. 

The corollary 9 p. 29 of iKu] implies that the functions ^i(V_) are C- 
linearly dependent modulo C(V_) in the following sense. There exists m com- 
plex numbers c\, . . . , c m , not all zero, and a rational function Q(V_) £ C(V) 
such that: 

m 

Y, c iMV) = Q{V). (69) 
i=l 

We still need to prove: 

Proposition 5 If the functions ^i(V_) are C-linearly dependent modulo C(V_), 
and satisfy \6ty) . then the m-tuple Ai is not semi-free. 

The plan of the proof of proposition El is the following. We first prove that 
the relations are equivalent to C-linear dependence of rational functions 

Rri,Ni i R^Ni ■ 

Then we prove that the C-linear relation so obtained is defined over Q. 

Proof of proposition We clearly have, from (JBljj) and the definition ()67|) . 
the inclusions: 

V K (*i) C El M* (70) 

c K;M* n J+) n (M*)* 1 - 1 

c (M*) n n«+ (71) 

for all % = 1, . . . , m; moreover, there exists a strictly convex cone II C IR> x 
M n_1 (of axis Y— (1,0,..., 0)R) such that for all % = 1, . . . , m 

tt 2 (s k (^)) c n, 

so that for every choice of (c%, . . . , c m ) G C m — {0}, we also have: 

vr 2 (S^(Q)) C n, (72) 

where Q is the function in 
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Lemma 4.5 There exists exactly one partition of the set of indices J = 
{1, . . . , m} in non-empty subsets Ji, . . . , J p , there exist elements r 1; . . . , r p G 
pairwise K-linearly independent, and there exist elements Sx,---,s m £ 
K \ {0} q > /or a// z ; satisfying the following property. 

1. If ie J h , then Ei = QZ h . 

2. If ' i G Jh,j G and h ^ k, then the supports of^i(V_) and ^j(Y_) are 
disjoint subsets of 



Proof. By using ((101), we see tnat n ^ implies that 

z/j, v_a are i^-linearly dependent. We define the partition of the lemma from 
the equivalence relation induced by pairwise i^-linear dependence; hence (2) 
holds. 

Thanks to (J7TJ), the existence of r x , . . . ,r p G such that (1) holds is 
guaranteed. It remaines to prove that q > 0, but 

Q = ! 

Th,l 

Th,i > and so is q. 

We can choose two positive rational integers q', q" such that, for all i = 
1, . . . ,m: 

A:=^ e S\{0}, 

7,:=?"^ G (5\{0})». 

Let g = gV'- We have: 

= (q'^)(q"Zh) = Pil h - ( 73 ) 

We see that if 1 < % < m then /3j G £+, and if m + 1 < i < m then 
/?i G S±. In effect, since : > for all h = 1, . . . ,p, the sign of <,[ (that is, 
the sign of (3'j) is the sign of v[ x which is positive if % = 1, . . . , m and negative 
if i = m + 1, . . . , m. 

Let us denote: 

A 



rf(u) = f + ((^), in = l,...,m , 



r+(u) = fiC^l if^ = m + l, 



m. 
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Using ([73]) we have, for i = 1, . . . , m and i G Jh-, that: 

The same computation for i = tuq + I, . . . , m implies that, for all z = 1, . . . , m: 

Mvl,---,vl) = rt(v?> l .--vl^). (74) 

We prove the lemma: 

Lemma 4.6 // 46',9)) holds for non-zero complex numbers c±, . . . , c m with Q(Y_) 
a rational function, then for all h = 1, . . . ,p there exists a rational function 
Qhiu) such that: 

£ Ci Tt(u) = QUu). (75) 



Proof. There is no loss of generality to suppose that Cj ^ for i — 1, . . . , to. 

We argue by contradiction. Let us suppose that (jo^|) holds with Q(V_) a 
rational function, but there exists 1 < h < p such that the function Q^{u) 
of (|75j) is irrational, i. e. not in C(u). 

Since all the series Tf(u) satisfy fll3) with jV< = /3f *M, lemma El applies 
to the linear form ()75|) . and from the point (2) of this lemma we see that 
there exists a sequence on non-zero elements: 

(x-) ieN C tx 2 {T jK (QD) 

such that lmij^ooX' = 0. 

The ^-supports of the series 

are disjoint for h — 1, . . . ,p (lemma E3J), so that, applying (J73)l . there exists 
a sequence of points of (a 2 (K) \ {0})™: 

((x' 1)S1 ...,< s )) seN C,T 2 (E^(Q(F))) 

such that (|3jJ) holds. Thanks to (JTJJ), lemma O applies, and Q(V g ) is 
irrational. This implies that Q(V_) is also irrational: a contradiction. 
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4.3.1 Linear forms in rational functions. 

Putting the lemmata 12.41 and 14.61 together and using lemma 12.61 we see that 
the validity of (JBTJj) for complex numbers c±, . . . , c m not all equal to zero, with 
Q{V_) a rational function, implies that for all 1 < h < p: 

where iVj = j3^ 1 M, and some of these relation is non-trivial. 

We now consider one of the indices h such that the correspondent relation 
(fTo^) is non-trivial: there is no loss of generality to suppose that h — 1. 

We only need to prove that the projective point 

(ci) ieJl G P^-i(C) (77) 

(with m = \J\\) is defined over Q: this implies that the m-tuple (wj)ieji * s 
not semi-free, as well as the original m-tuple A4, hence completing the proof 
of theorem 2. 

Indeed, once this proof is performed, we do as follows. We choose the 
point: 

v = $o(ti,iCi + • • • + T 1>n £ n , t[ ^[ + ■■■ + T r hn Q 
with ^ G C such that 

& = i = l,...,n 

(as in the proof of proposition 0J). We see that: 

y?" = $ ( g V 1 , 1 6 + --- + gV 1 , n a,gX 1 ^ + --- + g' / <nO 

so that v G T(Q). Let i e J x . Moreover: 

— 2.1 — 1 — ' l 

by ()73j) and (|57jl . In other words, (f?T)|) for h = 1 and with rational coefficients 
implies that the formal series 

(F«($o,«j : £)Wi 

53 



( definition II. 2|) are not all identically zero, and Q-linearly dependent: this is 
precisely what we want. 

We prove that the point (q) of ((77)) is defined over Q. We start with two 
elementary lemmata. 

Lemma 4.7 (Gauss sums.) Let Mi D M 2 be two complete Z-modules of 
K, let v E M 2 *. We have: 

X/ (t(H H w e m;, (78) 

The sum being indexed by a complete set of representatives of Mi non equiv- 
alent modulo M 2 . 

Proof. This is well known. 

Lemma 4.8 (Vandermonde matrices.) Let L > be a rational integer, 
let us choose a numbering of the sets M* /LM* and L~ l M/M. Then, the 
matrix A4(L) below is non-singular: 

M(L) = (e(t(//z/)) „ eI -i M/M . 

ft e M" /LM" 



Proof. The matrix is well defined and depends on the chosen numbering of 
the classes of M* / LM* and L~ l M/M, but not on the representatives chosen 
in any class. Let us choose a Z-basis (^1,^2) of M, let (1/*, v%) be the dual 
Z-basis of M*. 

We have, up to reorder the rows and the columns: 

M(L) = (e(t((ai/ii + a 2 /i 2 )(Mi + b 2 ^2))/ L })( ai ,a 2 ),(b 1 ,b 2 ) 

= (e((Oi&i + a 2 ^2)/^))(a 1 ,a 2 ),(6 1 ,fe 2 ), 

where the rows are indexed by the couples (ai,a 2 ) G 1? with < ai,a 2 < 
L — 1 and the columns are indexed by the couples (61, 6 2 ) £ ^ 2 with < 
61,62 < L — 1. 

Thus the matrix M. (L) is, up to permutations of rows and columns, the 
Kronecker square of the Vandermonde matrix: 

(e(a6/L))o< a , 6 <L-i- 
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Let D be the determinant of this matrix. We have det(A4(L)) = ±D L ; but 
D is non-zero and the matrix M. (L) is non-singular. 

We may suppose here, without loss of generality, that J\ = {1, . . . ,m}. 
The relation (J76)) for h = 1 is equivalent to infinitely many linear relations 
indexed by the elements of M* , and involving the coefficients q for % = 
1, . . . , m. These relations are: 

£ Ci e(t(a^/A)) = 0. (79) 

i £ J7i such that 
v £ N? 

Let 

be the matrix of these relations; its rows are in a one-to-one correspondence 
with the elements v G M*, its columns are indexed by i = 1, . . . , m, and the 
entries are defined by: 




e(t(a i z//A)) if v e iV*, 
otherwise. 



We construct a matrix M{L) by cancelling almost all the rows of A/". Let 
£i, . . . ,£ m be non-zero rational integers such that iiCti G M, put ^ = [M* : 
PiM*] (index of complete Z-modules). Let N' > m be a rational integer and 
put 

i=l 

Then we define: 

N(L) = (A^i) U £M*/LM* ■ 

1 < i < m 

The identities (|75j) for /i = 1 are equivalent to: 

AT(L)- t c = t in C l2 . 

The equivalence is easy to prove because the matrix Af is equal, up to a 
permutation of its rows, to a matrix made by an infinite column which are 
copies of Af(L). 

Since the matrix Ai(L) is non-singular (lemma r-4.8)) . we have M{L) ■ t c = 
% if and only if M (L) -M(L) = *0. Let us compute explicitly M (L) -Af(L) . 
Let us write: 

M(L) ■ N{L) = (B itll ) !<»< m . 
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The lemma 13771 can be applied to get: 

f [AM* : LM*] if /i + Oi/A G fl^M, 
^ \ if /i + at/ft g/^M, 

because 

^ = E e(t(/^))A/M 

/LM* 

J2 e(t(/5(/i + «,/A)))- 

/3eftAf* /LM* 

Let us observe that: 

[$M* : LM*] = L 2 /[M* : ftM*] = L 2 j\^~ x M : M]. 
Let P(L) be the matrix: 

where Xi : if/M — > {0, 1} is the caracteristic function (of subsets of K, finite 
modulo M): 

/ 1 if n G (3r\M - aJ/M, 
XiW \ if n g" Pf\M - on)/M. 

Let us write b = {[^M : M]" 1 ^ . . . , \J3^M : M]" 1 ^). We have proven 
that: 

• M(L) ■ l c = V(L) ■ % = % 

or in an equivalent formulation, that the characteristic functions %i °f the m 
sets of classes of (3~ l (M — a») C L~ l M modulo M are C-linearly dependent. 
But for any m-tuple of characteristic functions of subsets of any finite set, 
C-linear dependence implies Q-linear dependence. Thus (cj)^^ G P m -i(Q), 
the relations in (J76j) are defined over Q and we have encountered the required 
contradiction with the hypothesis of semi-freeness assumed at the beginning; 
the proof of our theorem 2 is now complete. 

5 Appendix. 

In this appendix we prove a generalisation of theorem 2 for any irrational 
quadratic to's ( section l5.1j) . we give more informations about the property 
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of semi-freeness (section l5.2|) . we prove the corollaries 1, 2 ( section 15.3)) and 
finally, we give a more precise flavour of the linear relations which may occur 
between complex numbers /(wj) with u.i algebraic ( section l5.4|) . Then, we 
introduce the reader to other problems, more or less related to Hecke-Mahler 
series. 



5.1 How to deal with general w's in theorem 2. 

We may suppose that < w < 1: it has an ordinary continued fraction 
development 

1111 

w = ~m — ; 7 — ~7 — ; = [0, d , d u . . . , d g , b , h, . . . , b 2r -i, b Q , h,...) 

d + d\ H &o+ h H » , 

period 

for g > 0, r > and do, ... , cf g _i, 6q, . . . , 627—1 £ z >o- Following |Mas2j pp. 
210-211, we put: 

D:= ( Q ])...( 1 ) = (">\ miT:= (^)...(^) = ('V 
VI d / V lrf <?-i/ V crf / V 10 / V 10 / 

when 5» > 0; otherwise, we put D = T = identity matrix. Let 6 £ K be 

defined by w = — : we note that 6~ l has a purely periodic ordinary 

c9 + d 

continued fraction development: 

0' 1 = b + t^-j—^ = h, 61, ... , &ar-i, 60, (80) 

The theorems 3, 4 p. 80 of |Pej say that the latter condition is equivalent to 
(PI). We have: 

f w {u) = fe{T.u) + R{u) 

for some rational function R G Q(m) defined over couples of complex numbers 
(u,v) such that \u\ < 1 and Iwllfl 1 " < 1. (cf. [Mas2j, p. 211 equation (3.6)). 
Thus, if M. = ((wi,t>i), . . . , (u m , v m )) is an m-tuple of couples of algebraic 
numbers as in the hypotheses of the theorem 2, then the complex numbers 

fw(ui,vi),...,f w ( 

are algebraically independent over Q if and only if the complex numbers 

fe(T.(u!, vi)), . . . , fe(T.(u m , v m )) 
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are algebraically independent over Q. We then have the following corollary 
of theorem 2. 

Theorem 3. Let A4 = ((ui, vi), . . . , (u m , v m )) be an m-tuple of algebraic 
elements of T such that \u{\ < 1 and < < 1 fori = l,...,m. 

Then T.M. = (T.(ui, V\), . . . , T.(u m , v m )) is semi-free with respect to $ if 
and only if the complex numbers f w (ui,v\), . . . , f w (um,v m ) are algebraically 
independent over Q. 

5.2 Other facts about the semi-freeness condition. 

In this subsection, we give some precisions about the semi-freeness condition. 

The two lemmata below say that the condition of semi-freeness does not 
depend on the choice of a, v in (|T2l . 

Lemma 5.1 The series F„($,w : U_) does not depend on the choice of a 
representative of the class of a modulo M in 

Proof. Since M(U) U M(UY = M(U_)^ U , we may formally identify 

Fjv(C/) = e{vZ + v'Z') 

ueN* 

= E <^z)) 

v&N* 

for a couple of unknowns Z_ = (Z, Z') formally satisfying <&(Z, Z') = (U, V). 

If = $(«,«') for a, a G K, then a = a + A for some A G M 

and given a non-zero element (3 G S(M), we have t(au//3) = t(av//3) for all 
v G pM*, thus 

Fe -* M Hi'9-) = ^ iM (*&S-)- 

Lemma 5.2 Let (u_i, . . . ,u m ) be a m-tuple of T m whose coefficients are of 
infinite order, let us suppose that there exists elements a^j G K , two elements 
of infinite order v_i,v 2 G T and elements /3jj G S — {0} (i = 1,. . . ,m,j = 1,2) 
such that: 

M.% = $(ati,i, a'^v^ 1 = $(a i>2 , < 2 rf' 2 , i = l,...,m. (81) 
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Then we have: 

m 

y £c i ¥ Sl ^,u i :U) = (82) 
i=i 

if and only if 

m 

EcA^,", -U) = 0. (83) 

i=l 

Proof. Since 2ii,i!2 are of infinite order, we can choose elements (zi,z[), 
(z 2 , 4) e C 2 - such that: 

Vx = $>(z u z[), v 2 = $>(z 2 ,z 2 ), 

Moreover, there exists Pi, $2 £ S — {0} such that 

vtvt = h 

so that there exists 5 G K — {0} and 76K with 

zi = 5z 2 + 7, ^ = 5'z' 2 + 7'. 
The conditions (JRTj) are equivalent to the expressions in T: 

Uj = $(Oi,i + Pi,lZi, a' i;1 + P' it i z l) = *("i,2 + Pi,2Z 2 , Oi' i>2 + P' it2 z' 2 ). 

These settings imply: 

oti,i + A,i7 _ a i,2 = n e M and P^ x 5 = p i>2 . (84) 
Let us write iVjj = P~jM; the relation (|82jl implies the formal relation: 



The relation above is equivalent to the following formal linear relation (for 
formal variables Z_ x = [Z\, Z[),Z_ 2 = (Z 2 , Z' 2 ) such that Z\ = 5Z 2 + 7, Z[ = 
5<Z' 2 + 1 '): 



i=i i/ew*-, V V V^i 1 
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E c i E e 



E c i E e 



E c i E e 



i=l u€NT 3 



i=l ueN* 2 



i=l veN * 3 



<=i veNTj 



III 



III 



III 



III 




) 



) 



) 



thanks to (j8lj) and because Tj//?^ € N iy2 - Thus (}83|) holds. 



Lemma 5.3 The action only depends on the ratio Bq/B\. 



Proof. Let M* = i/M for some v ^ K — {0}, let us denote Eg = i/B , B} = 
uB\, let <3>" be the exponential function associated to the complete Z-module 
M" with the basis (Bq,B[). Then the action of S induced by $ is equal to 
the action of S induced by 

The lemma E31 says that, to study the semi-freeness condition with re- 
spect to an exponential function <£>, there is no restriction to consider com- 
plete Z-modules M with a basis (B , B\) such that B\ — 1. 

5.2.1 An explicit example. 

As we said earlier, the action of S varies with the choice of the exponential 
function $ associated to it. It may happen that an m-tuple M. is semi-free 
with respect to an exponential function $, but not semi-free with respect to 
another exponential function even if the underlying complete Z-module is 
the same. We explain with an example this phenomenon. 

Let us choose K = Q(\/5) and M = Z + eZ with e = (1 + y/E)/2, so that 
S — M. We choose two bases of M: (B , B a ) = (e, 1) and (C , C x ) = (1, e), so 
that, with *B,£ associated to these bases (B ,Bi), (C ,Ci) as in (jlj), setting 




£ = T ■ <B. 
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An easy computation shows that: 

L = *r 1 x=(* b \ 

with a = 2BQ,b = —B*'. Let $, \& be the exponential functions associated 
to 58, £ as in ©. 

Let (3 G S be an irrational element (for example, a unit of S not equal to 
±1), let v = $(z, z') be of infinite order, let 

u = v p = $(f3z,(3 r z'), 

the action of S being the one induced by $. The couple: 

•A4 = (m, u) 

is not semi-free with respect to $. Indeed, we easily check that 
Vj&,v: U) =F J ,($,v:EO=F(0 J 

so that F„($,w : i7) and F,„ (<&,!> : C7) are clearly Q-linearly dependent, re- 
gardless to the choice of z, z' . 

Now let = *&(az, a'z'), w 2 = ^{bz f , b'z), so that 

u = m^L-^ZiZ 1 )) 

B B' 

= mm , 
v = mm- 

This time, the action of S is the one induced by $ (note that (3' G S). Since 
a, b' are i^-linearly independent, we may choose z, z' such that the points 
(az,a'z'), (bz 1 ,b'z) G C 2 are K-linearly independent. With this choice, we 
observe that if 7, 5 G S are such that 

wjwl = 1, 

then 7 = 5 = 0, that is, m,m are multiplicatively independent with respect 
to In particular, if w = (') is a point of infinite order, the subgroup 

T tors • w s = {$ £ (a + 7C, a' + 7'C), with a G K and 7 G S}, 

cannot contain w.i and m & t once. Thus, if F„(^,w : i7) is non zero, then 
F £ (^,u> : £/) = 0, and if F £ (^,u> : U) is non zero, then V u (^f,w : £/) = 0; 
finally, M. is semi-free with respect to 
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5.3 Proof of the corollaries 1, 2. 



We prove the corollary 1 in the case w^ 1 = 9 with 9 satisfying ([80)1 . If 
H = G m (C) x {1} c G we get the theorem 1, because in this case f(u, 1) = 
/(0 _1 ,tt), the one-variable function of |Mas2j . 

The hypothesis on H is equivalent to the existence of a couple of coprime 
rational integers (h,l) G Z 2 — {(0,0)} such that for all (u,v) G if, w V = 1. 

Let us denote v = A~ 1/2 (-h9'~ 1 + 1) G M*; we have that for all r G Q-Z, 
rz/ G" M*. Moreover, tt = $o(z, z') G H (for complex numbers z') if and 
only if 

vz + i/V G M. (85) 

Thanks to our theorem 2 we only need to prove that if M. is not semi-free, 
then there exists 1 < i ^ j < m such that u { = Uy 

There is no loss of generality to suppose that there exists a G H(Q) of 
infinite order, such that: 

Ui = liQP\ z = l,...,m, (86) 

for torsion elements t9j and fa G S — {0}; that is, the S'-group generated by 
the Mi's has rank 1. 

Lemma 5.4 With the hypotheses above, if \8b}) holds, then there exists a 
point of infinite order w G H(Q), torsion points points Q G H , and non- 
vanishing positive rational integers r», such that for all % = 1, . . . , m: 

Ui = (ML ri , i = l,...,m. (87) 



Proof. We first claim that if two elements u, v of H(Q) (1 V satisfy 

vPv? = I, 

for some fa j G S — {0}, then there exists an algebraic element w_ G H of 
infinite order such that: 

u = (w a , v = w\ (89) 

with a torsion point ( G H. 

Let us consider ^1,^,^2,^2 e ^ suc h that: 



^0(6, eo =m, $0(6, e 2 : 
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Let Xi, x 2 , y%, y 2 , x[, . . . G K be such that 

& = Xi + iyi, £• = arj + ij/J. 
The relation (jSHj) and (f%o"|) for 2 = £ i; ^' = ^ imply: 

/?2/i + 72/2 = ^Vi + 7^2 = 0, (90) 

^2/1 + v'y[ = "V2 + v'y 2 = o. (91) 

We see that yiy[y 2 y' 2 ; indeed, if for example, ?/i = 0, then by (j9*Tj) we 
obtain y[ = and this implies that w lies in the boundary of 25, case that 
has been excluded. The same argument is valid for y 2 ,y' 2 . 

Now, from (j9Ti|) we see that P/j = — 2/2/2/1 G -fT x and /^'/V = —y' 2 /y[- 
Moreover, from (|9T|). 2/2/2/1 = 2/2/2/1; so that /V7 = /^'/t'; that is, /3/7 G Q x . 

There exist non- vanishing rational integers p, q such that: 

t = I (92) 
7 P 

From the relation u pl3 v p " / = 1 we get yfl^yP = 1 which implies = <p 
for some torsion point (p & H. 

Let w G be any element such that w 9 = W- it is an algebraic point of 
infinite order, because so is v. From u q = pw~ pq we get u = (w~ p for some 
torsion point ( G H such that ( p = tp; the claim is proved. 

We end the proof of lemma 15.41 by induction on m > 0. If m = 1 the 
property to be proved is trivially satisfied. Let us suppose that 

u i = £ i x s \ i = l,...,m-l. 

We apply the claim (equality (|59*jl). to u = u m and v = x. There exist 
a torsion point ( of H and a point of infinite order w_ G i?(Q) such that 
u m = (w a and, for all i — 1, . . . , m — 1: 

Mi = C^ aSl 
= CjM ri • 

For all m G 25, u G" 25. Thus, the rational integers r 1; . . . , m have the same 
sign. Up to replace w by we obtain r.j > for i = 1, . . . , m. The proof 
of lemma lo~4l is complete. 
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End of proof of corollary 1. We apply lemma E3] to the m-tuple 

u m ) e H(Q)f]V; 

let w as in (jHZj). 

By hypothesis, M. is not semi-free, so that by ()83j) of lemma 15. 2\ there 
exists a non-trivial linear dependence relation: 

m 

J^^iki^w-U) =0, 

i=l 

with (ci, . . . , Cm) G Q m - {(0, . . . , 0)}. This relation imply, as for (f7H|l. the 
linear relations for all fi G M*: 

2 Qe(t(« i /i)/r i ) = 0, (93) 

i such that 
fj, G r^M* 

where ai, . . . , a m G -ft" are such that $o(««, «D = C - 

Let N C K be the Z-module generated by all the elements a G if such 
that t(az/) G Z; then iV = Qa^ + M, for some a" G K — {0} (7i, Z are coprime). 

We have «i, . . . , a m G iV. Let M C N C iV be the complete Z-module 
generated by M, ai, . . . , a m . The group N/M is finite cyclic: let a G iV be a 
representative of a generator. There exists a positive rational integer £ such 
that la G M and sa ^ M for s = 1, ...,£— 1. There exists m rational 
integers < Si, . . . , s m < I — 1 such that a,- t G s^a + M. For all /i G M*, the 
relations become: 

Cie(t(afi)si/ri) = 0. 

i such that 

We note that the image of the map <fi : M* — > Q defined by i— > t(afi) is 
Z/£ Indeed, it is possible to construct a basis (z/, r) of M* such that the dual 
basis of M is (n,£a) for some k. 

Let us choose r = r io the smallest possible with Cj 7^ 0. Then, cf) maps the 
set rM* — \J r .^ r rjM* surjectively onto (r/£)Z. The relations ()93|) become: 

^2 Cie(sih/£) = 0, for all h G Z. 

i such that 

— r 
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The vanishing of a Vandermonde determinant implies, for two distinct indices 
i,j, that rj = Tj and Sj = Sj. This finally gives Wj = Uj, hence proving the 
corollary 1. 

Proof of corollary 2. Let us consider an m-tuple M. = (u x , . . . ,u m ) of 
algebraic elements of T fl T> such that, for all i — 1, . . . , m, Ui belongs to a 
given S- group T isomorphic to S ffi • • • © S, of finite rank n > 0. 

Then, it is easy to see that M. is semi- free if and only if for all v G T(Q), 
if there exists a non-empty subset J C {1, . . . , m} such that for j G J, 
Uj = y?i with f3j <E S — {0}, then the complete modules j3jM* are distinct. 
Thus the corollary 2 is an immediate consequence of theorem 2. 

In the introduction we quoted a very general result of Loxton and van 
der Poorten which also applies to prove some properties of algebraic indepen- 
dence of values of Hecke- Mahler series f(u,v) with algebraic (u,v) G T fl V. 
The application of this result appears on pp. 407-408 of |Lo-Po3j . The 
corollary 2 implies these properties and suggests further improvements. 

Let (ui,Vi), . . . , (« m ,t) m ) be couples of algebraic numbers. We will say 
that the m-tuple ((tti, v i), . . . , {u m , v m )) is B -free (or free) if the following is 
true. Let (pi, qi, ■ ■ ■ ,p m , q m ) be any 2m-tuple of rational integers and let us 
define the sequences (pf \ q^) = (pj, qj) ■ Bq] j — 1, . . . , m and k — 0, 1, — 
If 

m (fe) m (fe) 

IK IR =1 

for infinitely many k > then pi = qi = ■ ■ ■ = p m = q m = 0. 

Theorem 4. (Loxton and van der Poorten.) Let ((«i, v i), . . . , (w m , f m )) 
6e an m-tuple of couples of algebraic numbers such thatO < \uj\\vj\ e < 1 and 
\uj\ < 1 for allj = 1, . . . , m. Then if the m-tuple {{\ux\, \v\\), . . . , (\u m \, \v m \)) 
is free, the complex numbers /(wi,i>i), • • • , f(u m iV m ) are algebraically inde- 
pendent over Q. 

This theorem contains a theorem of Mahler in (MahJ (case m = 1). It is 
worth to remark that the proof of the lemma 13.51 says also that an m-tuple 
• • • , u m ) is free if and only if multiplicatively independent. 

An m-tuple {u x , ■ ■ ■ ,u m ) of multiplicatively independent elements of T(Q)nX> 
clearly satisfies the hypotheses of the corollary 2. 

If an m-tuple M. = ((«i, v i), . . . , (u m , v m )) of couples of algebraic numbers 
is such that the m-tuple ((|«i|, |fi|), • • • , (\u m \, \v m \)) is free, then M. is also 
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free: this shows that our corollary 2 implies the theorem 4. 

Note that there exist m-tuples (mi> • • • ,U. m ) which are semi-free but not 
free. An example is given by any sub-n(/3)-tuple of Ai as in (|94|) . so that our 
theorem 2 is really more general than theorem 4. 

5.4 A portrait of the relations. 

We divide the relations in two different types. 

5.4.1 Relations of generic type. 

There are linear relations that we call "generic" which hold for all of w G R>o 
at once, regardless to the quadraticity of 9 and the algebraicity of the points. 
These inconditional relations are all homogeneous and defined over Q. If 
(u, v) is a couple of complex numbers in T fl £>, the simplest example is the 
relation (J2J), with m = 5 and 

which is not semi-free (note however, that ((u, v), (u, —v), (—u, v), (—u, —v)) 
is semi-free, as well as any other sub-/c-tuple of M. with 1 < k < 4). 

These relations all arise from the linear relations of rational functions: 

m 

Y. C ifoo{CiU h \CiV h ) =0, 

1=1 

where ci, . . . , c m are rational numbers, £i, . . . , ( m are roots of unity, b\, . . . , b m 
are positive rational integers, and = lim^^oo f w is the rational function 

foo{U,V) = r. 

(l-u)(l-v) 

5.4.2 Relations of special type. 

There are linear relations that we call "special", which hold for irrational 
quadratic w's only, these relations are almost all non-homogeneous, and 
defined over Q but not necessarily on Q. If w — 9 satisfies ([13)1 . the simplest 
example of these relations is provided for m = 2 by the functional equation 
flU (that is, P). 
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Since R v is a rational function defined over Q and converging on V, if 
v G T(Q) r\T>, the two complex numbers f(v) and f{v?) differ by the algebraic 
number R v (v). Of course 

M = {v,v v ) 

is not semi-free. 

But there are many other relations: we give here a concrete example. Let 
us consider an element (3 G S such that (3 > (3' > 0. Let Ker(/3) be the kernel 
of the isogeny T — > T given by u i— > u^ 3 : this kernel has n(/3) elements, indeed 
there is an isomorphism of groups Ker(/3) = (/3 _1 M/M). Choose any element 
v G T m (Q) n X? and consider the (n(/3) + l)-tuple of elements of T(Q) H V: 

M = {u ,u 1 ... ,u n{j3) ) = (v^,Ci_v, ■ ■ ■ ,( n{(3) v), (94) 

where . . . , C n ^ are all the elements of Ker(f3). Clearly M. is not semi-free 

in this case (but the n(/3)-tuple . . . ,u n ^) is semi- free). 

Let i] G S+ be any unit fixing each element of Ker(/3), such that rj > 1. 
Then we have the linear relation: 

n(/3) 

51 ^7,m(C;M) = n(/?)i^ i/3 -i M (w), 

i=l 

which is easily checked by using, for example, the lemma 14.71 of this text. 
This relation implies a relation of special type: 

TO 

n(/?)/K) -£/(«*) =AGQ. 

j=i 

Note that A might be non-zero because /? is chosen to be irrational, and it is 
easy to produce examples with A ^ in this case. 

The relations of special type all arise from the rational linear relations of 
rational functions (}4*4"j) and (J43j) of lemma 1231 when (3\,... ,(3 m are elements 
of 5 not all rational, and 77 > 1 a suitable unit of S + . 

In this text we have studied the case of w quadratic only, essentially 
because we need the functional equation to apply the classical Mahler 
method. This leads to many other relations of special type. 

For an irrational non-quadratic w > 0, only relations of generic type 
should hold, and we could expect that if couples of algebraic 
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numbers in T close enough to (0, 0) G C 2 , such that for two distinct irrationals 
Wi,w 2 > the two relations: 

m 

i=i 

hold for rational numbers ci, . . . , c m not all zero and j = 1, 2, then the two 
relations both arise from a single relation of generic type. 

5.5 Other problems. 

Here are some other problems that we can solve. We can use the ideas of 
this paper to prove that our theorem holds with / replaced by the following 
bi-variable Fredholm series: 

oo 

s(«) = En/), 

fc=0 

where P(u,v) = uv, and we can even get a specific description of the tran- 
scendence degree of fields such as: 

• • • , f(Un),9(Mi), 9(Mn))> 

for couples of algebraic numbers such that the complex numbers above 
make sense. 

Our theorem 2 can also be extended to a more general result describing 
in a completely explicit way all the algebraic dependence relations over Q of 
the complex numbers: 

d l+h f{ud 
du l dv h 

for h, I > 0. This result would also contain a theorem of Nishioka (cf. theorem 
3.4.8 on p. 102 of |M]). 

We can say something about the problem of the algebraic independence 
of complex values at algebraic points of general transcendental solutions / of 
functional equations such as (|29|h with R v replaced by a rational function in 
n complex variables. 

We can consequently refine certain results of Loxton and van der Poorten 
(for example those on pp. 407-408 of |Lo-Po3j ) in the following case: the 
matrix B GMat n (N) has all of its eigenvalues Ai, . . . , A n conjuguate over Q 
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and moreover the eigenvalues Ai, A 2 are real such that < Ai < 1 < A 2 , and 
the other eigenvalues Xj are complex with Ai < |Aj| < A 2 for j = 3, . . . , n. 

As a conclusion of this text, here are some problem we cannot solve yet. 

Problem (1). Find the analogue of theorem 2 for the Hecke geometric 
series G(u) = \im k ^_ oc f(u v ). This series is not locally analitic, thus the 
proposition |H] cannot be applied. However, the techniques introduced in 
|(Jo-Za| may successfully be applied to get at least transcendence results of 
complex values of these functions at couples of algebraic numbers. 

Problem (2). Extend theorem 2 to the natural analogue of the series / ob- 
tained by replacing the quadratic number field K by any totally real number 
field of degree d > 2. These are series in d complex variables. These series 
satisfy much more complicated systems of functional equations, as soon as 
d > 2, and the proposition |3] cannot be applied to this situation. Never- 
theless, the techniques of |(Jo-Za| allow once more to reach transcendence 
results. 

Problem (3). Find an analogue of the corollary to the theorem 2 with H 
replaced by a connected algebraic curve contained in T and defined over Q. 
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